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Symmetry plays a crucial role in enriching topological phases of matter. Phases with intrinsic topological or-
der that are symmetric are called symmetry-enriched topological phases (SET). In this paper, we focus on SETs
in three spatial dimensions, where the intrinsic topological orders are described by Abelian gauge theory and the
symmetry groups are also Abelian. As a series work of our previous research [Phys. Rev. B 94, 245120 (2016);
(arXiv:1609.00985)], we study these topological phases described by twisted gauge theories with global sym-
metry and consider all possible topologically inequivalent “charge matrices”. Within each equivalence class,
there is a unique pattern of symmetry fractionalization on both point-like and string-like topological excitations.
In this way, we classify Abelian topological order enriched by Abelian symmetry within our field-theoretic
approach. To illustrate, we concretely calculate many representative examples of SETs and discuss future direc-
tions.
I. INTRODUCTION
Conventional phases of matter in Ginzberg-Landau frame-
work are characterized by spontaneous symmetry-breaking
patterns. This paradigm cannot be applied to gapped
non-symmetry breaking phases of matter called topological
phases, e.g., the fractional quantum Hall liquid. To clas-
sify and characterize such topological phases, completely new
ways of thinking are demanded and hence topological or-
der was proposed [1]. If unbroken symmetry is taken into
account, one phase can be further divided into several ones
that differ from each other by their symmetry properties.
According to different pattens of many-body entanglement,
there are two main classes of symmetric topological phases,
namely, symmetry-protected topological phases (SPT) [2–5]
and symmetry-enriched topological phases (SET) [1, 6–8].
The key distinction between them is that SETs carry intrinsic
topological order and thus admit exotic fractionalized excita-
tions (e.g., anyons in 2D fractional quantumHall states) in the
bulk while SPTs do not. Examples of SPTs include topologi-
cal band insulators / superconductors [9, 10] and the Haldane
spin chain [3, 4], while SETs include quantum spin liquids
[11, 12] that support deconfined spinon excitations carrying
fractionalized quantum numbers of global symmetry. In this
paper, we focus on SETs and attempt to provide some insight
toward a complete classification and characterization in a field
theoretical approach1.
In 2-dimensions (2D), intensive efforts has been made to-
ward a complete understanding of SETs. Specially, a system-
atic way of classifying anomaly-free SETs has been estab-
lished using a mathematical framework called ‘G-crossed ten-
sor category’ [8]. However, much less is known about SETs
in 3D where spatially extended loops can emerge as topo-
logical excitations. Recently, some initial progress has been
∗ liuzxphys@ruc.edu.cn
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1 Unless otherwise specified, SET and SPT denote bosonic systems only.
made. Several approaches to classification and characteriza-
tion of 3D SETs was proposed [13–16], and some concrete
examples of 3D SETs was studied [17–29]. For instance, 3D
fractional topological insulators in both bosonic and fermionic
systems [19–29] are typical 3D SETs in which time-reversal
symmetry plays a critical role and the axion angle is quantized
at fractional value.
In our previous work (Ref. [16]), using twisted gauge the-
ory (denoted as “GT”) we studied 3D SETs with gauge group
Gg = ZN1 × ZN2 × · · · and symmetry group Gs = ZK1 ×
ZK2 × · · · or Gs = ZK1 × · · · . The topological order is
described by (un)twisted gauge theories [30–48] and the sym-
metryGs is imposed via a minimal coupling between external
gauge fields and topological currents, where the coupling con-
stant forms an integral “charge matrix” Q. A GT equipped
with symmetry is referred to as “symmetry-enriched gauge
theories (SEG)”. In order to detect SET orders from SEGs, we
calculated how global symmetry charge (i.e., quantum num-
ber) on particles2 is fractionalized and how mixed three-loop
braiding phase is quantized3. However, as mentioned in a
footnote (numbered as Ref. [82]) in Ref. [16], the full clas-
sification of SETs was not the central goal there and only a
limited choices of the matrixQ are considered for the purpose
of testing the basic ideas of the field-theoretic approach. For
example, in all cases studied there, entries ofQ take values of
either 0 or 1. Apparently,Q is legitimately allowed to be ma-
trices with arbitrary integral entries and arbitrary number of
rows4. Such arbitrariness, however, raises several challeng-
ing problems mathematically and physically. One would ask:
2 In this paper, point-like excitations are simply called “particles” although
“gauge charges” are also used in literatures. Likewise, string-like excita-
tions are simply called “loops” although “gauge fluxes” are also used in
literatures.
3 “mixed” simply means that the three-loop braiding process [32] considered
here involves both loops in GTs and external symmetry fluxes that carry
group elements in Gs.
4 The “shape” ofQ is determined as follows: the total number of rows ofQ is
determined by the number of subgroups ZNI and the number of additional
2Gauge group Gg Symmetry group Gs SET classification
Z2 Z2n+1 Z1
Z2 Z2n (Z2)
2 ⊕ Z1
Z3 Z3n (Z3)
2 ⊕ Z1
Z3 Z3n+1 Z1
Z4 Z2n+1 Z1
Z4 Z4n+2 (Z2)
2 ⊕ Z1
Z4 Z4n (Z4)
2 ⊕ (Z2)
2 ⊕ Z1
Z2 Z2m+1 × Z2n+1 (Z2 gcd(2m+1,2n+1))
2
Z2 Z2m+1 × Z2n (Zgcd(2m+1,2n))
2 ⊕ (Z2 gcd(2m+1,2n))
2
Z2 Z2m × Z2n (Z2)
6 × (Z2 gcd(m,n))
2 ⊕ (Z2 gcd(2m,n))
2 ⊕ (Z2 gcd(m,2n))
2 ⊕ (Z2 gcd(m,n))
2
Z4 Z2n+1 × Z2n+1 (Z2n+1)
2
Z4 Z2(2n+1) × Z2(2n+1) (Z2)
6 × (Z2(2n+1))
2 ⊕ 3(Z2(2n+1))
2
Z4 Z4n × Z4n (Z4)
6 × (Z4n)
2 ⊕ 5(Z4n)
2 ⊕ 3[(Z4n)
2 × (Z2)
6]
TABLE I. The classification of SETs for ZN topological order enriched by Abelian symmetries. The classification is in form of C1⊕C2⊕· · · ,
where n denotes the subscript of C labels different G∗g . Ci corresponds to the classification of GT
∗ within the i-th G∗g . ⊕ denotes a formal
summation over different G∗g . (Zn)
m = Zn ×Zn · · ·Zn,m denotes the number of of Zn in the tensor product. k(Zn)
m=(Zn)
m ⊕ (Zn)
m ⊕
· · · ⊕ (Zn)
m, k denotes the number of (Zn)
m in the summation. For example, when gauge group Gg = Z2 and symmetry group Gs = Z2n,
there are totally 22 + 1 = 5 distinct SETs. The abbreviation “gcd” stands for “greatest common divisor”.
Gauge group Gg Twisted term Symmetry group Gs SET classification
Z2 × Z2 (0, 0) Z2n (Z2)
6 ⊕ (Z2)
2 ⊕ (Z2)
2 ⊕ (Z2)
2
Z2 × Z2 (0, 0) Z2n+1 Z1
Z2 × Z2 (0, 0) Z2 × Z2 (Z2)
18 ⊕ 6(Z2)
8 ⊕ 3(Z2)
6 ⊕ 6(Z4)
2
Z2 × Z2 (2, 0) Z2n (Z2)
6
Z2 × Z2 (2, 0) Z2n+1 Z1
Z2 × Z2 (2, 0) Z2 × Z2 (Z2)
18
Z2 × Z2 (0, 2) Z2n (Z2)
6
Z2 × Z2 (0, 2) Z2n+1 Z1
Z2 × Z2 (0, 2) Z2 × Z2 (Z2)
18
Z2 × Z2 (2, 2) Z2n (Z2)
6
Z2 × Z2 (2, 2) Z2n+1 Z1
Z2 × Z2 (2, 2) Z2 × Z2 (Z2)
18
Z2 × Z4 (0, 0) Z2n+1 Z1
Z2 × Z4 (4, 0) Z2n+1 Z1
Z2 × Z4 (0, 4) Z2n+1 Z1
Z2 × Z4 (4, 4) Z2n+1 Z1
Z2 × Z4 (0, 0) Z4n (Z2)
4 × (Z4)
2 ⊕ 2(Z4)
2 ⊕ 2(Z2)
2 ⊕ (Z2)
6
Z2 × Z4 (4, 0) Z4n (Z2)
4 × (Z4)
2
Z2 × Z4 (0, 4) Z4n (Z2)
4 × (Z4)
2
Z2 × Z4 (4, 4) Z4n (Z2)
4 × (Z4)
2
TABLE II. The classification of SETs for ZN × ZN topological order enriched by Abelian symmetries. A ZN × ZN topological order can be
described by ZN × ZN topological gauge theory with / without twisted term(s). The “untwisted” means there is no twisted terms in the gauge
theory, therefore we use (0, 0) to denote the “twisted term”. For twisted cases, we use (q, q¯)= (0, 2), (2, 0), or (2, 2) to differentiate different
twisted terms for Z2 × Z2 topological order, while (0, 4), (4, 0), or (4, 4) for Z2 × Z4 topological order, as shown in Eq. (43).
does the arbitrariness mean there are unlimited number of 3D
SETs? If not, how many are there, and what are they? To
address problems along this line of thinking is the main con-
tribution of the present work.
In this paper, in order to systematically classify 3D SETs,
we take full account of (i) all possible “shapes” of Q (by
adding level-1BF terms in the gauge theory); (ii) all possible
“level-1” trivial layers, while, the total number of columns is directly fixed
by the number of subgroups ZKi .
integral entries of Q; (iii) all possible twisted terms involving
gauge fields that also appear in level-1 BF terms. We illus-
trated our approach via some representative examples and the
results are summarized in Table I and Table II. Technically,
starting with a general form of Q, we fully gauge the sym-
metry Gs in the SEG, rendering gauged theory (denoted as
GT
∗) with gauge groupG∗g . Due to various choices of twisted
terms in SEGs, GT∗s can also have different twisted terms,
leading to different GT∗s for even the same G∗g . Considering
all possible Q and all possicle choices of twisted terms, there
are in general many different GT∗s. The question of classify-
ing SETs is thus transferred to classifying all the inequivalent
3GT∗s with all possible G∗gs. Roughly speaking, symmetry
fractionalization pattern on particles with unit gauge charge
are encoded in G∗g while mixed three-loop braiding statistics
are related to the twisted terms in GT∗. More precisely, we
first prove that for twisted gauge theories with finite Abelian
gauge group Gg and finite Abelian symmetry group Gs, the
number of different G∗g is finite, namely, the number of sym-
metry fractionalization patterns on particles are finite. Sec-
ondly, since the classification of twisted gauge theories with
a finite Abelian gauge group Gg is finite, the number of in-
equivalent GT∗ with finite Abelian G∗g is also finite. There-
fore, the total number of all inequivalent GT∗ (and hence the
number of SETs) is finite, despite arbitrarily infinite number
of matrix form Q. It is also shown that a representative SEG
action can be assigned to each SET; on the other hands, there
is a general procedure for figuring out what SET order is car-
ried by an arbitrary SEG. Throughout this paper, we only fo-
cus on 3D bosonic topological order in GT [49] where trivial
particles are bosonic. We also assume that symmetry frac-
tionalization on particles is Abelian. In other words, particles
carry one-dimensional representation of global symmetry ei-
ther projectively or linearly. We call such a kind of symmetry
fractionalization as Abelian symmetry fractionalization.
The remainder of this paper is organized as follows. In
Sec. II, we introduce the general formalism of the field-
theoretic approach and especially discuss equivalence classes
of charge matrices and classification scheme. The explana-
tion of Table I and Table II is present at the end of this sec-
tion. Some representative examples of classification of SETs
are discussed in Sec. III and Sec. IV. Several useful technical
details and background materials are collected in Appendix.
II. THREE DIMENSIONAL TOPOLOGICAL ORDER AND
SYMMETRY
A. 3D topological order and twisted gauge theories
Physically, a topological order can be characterized by its
excitation contents, i.e., topologically robust properties of ex-
citations. For 3D topological order, there are two types of
excitations: particles and loops. For example, in 3D ZN topo-
logical order, there are N kinds of particles as well as loops,
which can be denoted as e[n], Φ[n] with n mod N . More
specifically, e[1] denotes the particle with unit gauge charge
and Φn =
2pin
N mod 2pi denotes the gauge flux carried by
loops. The only nontrivial braiding process of untwisted ZN
gauge theory is braiding e[n] around Φ[m]. The process gives
an Aharonov-Bohm phase factor ei2pinm/N . We call such a
process as charge-loop braiding.
For ZN1 ×ZN2 gauge theory, except the charge-loop braid-
ing in each ZNi (i = 1, 2) gauge group, there is also three-
loop braiding studied by Wang and Levin [32]. Likewise, we
may denote two fundamental species of loops as Φ[n]1 and
Φ[n]2 of the two gauge subgroups respectively. Depending on
different choices of the loops, there may be different kinds
of three-loop braiding processes. For example, one can braid
two Φ[n]1 , Φ[m]1 on the base loop Φ[p]2 , or braid Φ[n]2 , Φ[m]2
on the base loop Φ[p]1 . For ZN1 × ZN2 × ZN3 gauge theory,
there is another three-loop braiding that braids Φ[n1]1 around
Φ[n2]2 on the base loop Φ[n3]3 . For ZN1 ×ZN2 ×ZN3 ×ZN4
gauge theory, four-loop braiding enters, in which four dif-
ferent species loops enter. All these nontrivial braiding pro-
cesses, including charge-loop, three-loop and four-loop braid-
ing are gauge invariant and can be detected by (at least)
thought experiments. The 3D topological orders we discuss
here are defined by these braiding data. In the concrete exam-
ples we shall discuss in this paper, charge-loop braiding and
three-loop braiding are sufficient.
Effectively, 3D topological order we consider can be de-
scribed by twisted (untwisted) gauge theories with gauge
groupGg =
∏
I ZNI [30–48]:
S =
NI
2pi
∫
bIdaI +
qIJK
4pi2
∫
aIaJdaK . (1)
Here, the summation over repeated indices and wedge prod-
uct are implicit. qIJK = 0 for untwisted theories. The first
term is a set of BF terms that describe charge-loop braid-
ing processes while the second term is a set of twisted terms
that describe three-loop braiding processes. NI is the level
of the I-th BF term while qIJK is the coefficient (coupling
constant) of the twisted term aIaJdaK . In the absence of
twisted terms (i.e., qIJK = 0), the gauge transformation is
just aI → aI + dχI , bI → bI + dV I . Nevertheless, in
the presence of twisted terms, the gauge transformation of
bI should be modified properly by adding an additional term
with qIJK dependence. In fact, several consistency condi-
tions due to the presence of twisted terms make qIJK to be
quantized and compact (i.e., periodically identified). As a re-
sult, all topologically inequivalent values of qIJK determine
inequivalent three-loop braiding phases, thereby determin-
ing different topological orders with the same gauge group.
All those different gauge theories are classified by ΓGg =∏
I<J(ZNIJ )
2×
∏
I<J<K(ZNIJK )
2, where the symbolNIJ,···
denotes the greatest common divisor of NI , NJ , · · · .
From the mathematical structure of ΓGg , it becomes quite
apparent in the action (1), we are allowed to arbitrarily add
BF terms (i.e., “trivial layers”) of level-1 and twisted terms
that involve gauge fields which also appear in level-1 BF
terms5. One can prove that this “modification” doesn’t affect
the bulk topological order at all; in other words, ΓGg is not
changed. More intuitively, adding n “trivial layers” is equal to
adding n species of bosons that are in trivial insulating phases.
The coefficients of those twisted terms containing at least one
level-1 ai gauge fields are all equivalent to zero in the sense
of bulk topological order. Nevertheless, once global symme-
try is imposed, the quantization and period of the coefficients
of the twisted terms, not only those in the action (1), but also
those containing level-1 ai, may be changed drastically. Such
changes lead to distinct SETs even for the same topological
order (i.e., the same element in ΓGg ).
5 In this paper, such gauge fields are called “level-1” gauge fields.
4B. Charge matrices and symmetry fractionalization
1. General charge matrices
Now we consider how to impose the symmetry Gs =
ZK1 × ZK2 × · · · × ZKm . In the action (1), we can define
1-form conserved current JI for each I as
∗JI =
1
2pi
dbI , (2)
where ∗ denotes the Hodge dual operation. Symmetry charge
is then carried by those conserved currents. As a result, if
we insert the external probe field Ai, each conserved current
(labeled by I) can be minimally coupled to a probe field. Gen-
erally, one conserved current can carry different symmetry
charges, therefore the general form of the minimal coupling
term is
Sc= QiI
∫
JI ∗Ai =
QiI
2pi
∫
AidbI , (3)
where the summation over repeated indices is implicit. Since
i can take 1, 2, · · · ,m and I can take 1, 2, · · · , n,Q is am×n
integer matrix, called charge matrix, and its element QiI can
be any integer now. Beginning with a general charge matrix
is the key to realizing all kinds of symmetry fractionalization.
Ai are the U(1) probe fields which are higgsed such that the
symmetry flux piercing any one-dimensional closed path take
only 2pipKi with p ∈ ZKi , that is,
Ki
2pi
∫
M1
Ai ∈ Z for ZKi symmetry subgroup , (4)
whereM1 denotes a closed worldline.
2. Symmetry fractionalization
Symmetry properties of SETs can be reflected in the phe-
nomenon called “symmetry fractionalization” on topological
excitations, including particles and loops. More explicitly, the
symmetry fractionalization of particles we considered here
is determined by fractional quantum number of the symme-
try group Gs, while the symmetry fractionalization on loops
is encoded in mixed three-loop braiding processes in which
both symmetry flux loops and internal gauge flux loops are
involved. For a specific topological order, the complete set
of inequivalent types of symmetry fractionalization patterns
classify SETs of the topological order. For the field-theoretic
approach we adopt here, all these symmetry fractionalization
data can be encoded in the charge matrixQiI .
Below we discuss how to extract the information of sym-
metry fractionalization on particles and loops on a general
ground. First, we discuss symmetry fractionalization on parti-
cles. To illustrate, we begin with a simple example: Z4 gauge
theory enriched by Z4 symmetry:
S =
4
2pi
∫
bda+
Q
2pi
∫
Adb +
∫
a ∗ j , (5)
where jµ is the excitation current formed by particles that
carry unit gauge charge of the gauge field a. Upon integrating
out b, we obtain a = −Q4 A which can be substituted back to
the action, leading to an effective action:
Seff = −
Q
4
∫
A ∗ j . (6)
From this effective action, we find that the particle current is
minimally coupled to the external probe field with coefficient
Q/4, which indicates that the particle with unit gauge charge
of gauge groupZ4 carriesQ/4 symmetry charge of symmetry
group Z4.
The equivalence classes of symmetry fractionalization pat-
terns on gauge charges can be characterized byG∗g after gaug-
ing, which is encoded in the fusion rule of the gauge charges.
For example, in the Z4 gauge theory enriched by Z4 sym-
metry, the particle with unit gauge charge can carry three
kinds of topologically inequivalent symmetry charges: (1) in-
teger, (2)±1/4, and (3)±1/2, which corresponds to choosing
Q = 0,±1,±2 respectively. These three symmetry fraction-
alization patterns in fact correspond to three differentG∗g: (1)
Z4 × Z4, (2) Z16, and (3) Z8 × Z2 respectively, all of which
will be explored in details in Sec. III A.
Next, we discuss symmetry fractionalization on loops.
Since a loop excitation is a spatially extended object, the frac-
tional quantum number of symmetry is not an intrinsic prop-
erty for a loop excitation. By noting that the phenomenon of
fractional symmetry charge is tightly related to charge-loop
braiding processes that involve a symmetry flux and a parti-
cle. Therefore, for loops, we may consider the mixed two-
loop braiding in which one loop excitation is braided around
a symmetry flux. If the loop excitation can be adiabatically
shrunk to the vacuum, then the mixed two-loop braiding is
trivial. If the loop excitation is adiabatically shrunk to a parti-
cle, the mixed two-loop braiding may potentially bring a non-
trivial phase factor; however such a phase factor can be ex-
actly neutralized by attaching an anti-particle. This line of
thinking tells us that the mixed two-loop braiding also fails
to encode the intrinsic information about the symmetry frac-
tionalization on loops. As a result, we have to go further by
considering mixed three-loop braiding processes.
Below we discuss how to extract mixed three-loop braiding
data from the field theory approach. To illustrate, we take Z4
topological order andZ4 symmetry as an example. We choose
the following action:
S =
4
2pi
∫
b1da1 +
1
2pi
∫
b2da2 +
q
4pi2
∫
a1a2da2
+
Q12
2pi
∫
Adb2 +
∫
ai ∗ ji +
∫
b1 ∗ Σ1 , (7)
where Σ1 is the loop excitation current that is minimally cou-
pled to 2-form gauge field b1. Upon integrating out b1 and b2,
we get a1 = −pi2 ∗ d
−1Σ1 and a2 = piQ122 ∗ d
−1σ. Here d−1
denotes the inverse of differential operator d and σ = ∗ 2pidA
represents the symmetry flux. Substituting them back to the
5remaining part of action, we obtain
S =
pi
2
∫
j1d−1Σ1 −Q12
∫
A ∗ j2
+
Q12qpi
32
∫
(∗d−1Σ1)(∗d−1σ)(∗σ) . (8)
The first term is a Hopf term. It describes the charge-loop
braiding process that involves one particle with unit gauge
charge and one loop excitation with unit gauge flux. The
process leads to pi/2 phase factor if the Hopf linking num-
ber is 1. The second term indicates the particle with unit
gauge charge of level-1 gauge field (i.e., a2) carries integral
symmetry charge, such that symmetry charge is obviously not
fractionalized. The third term describes the mixed three-loop
braiding process, which can be interpreted as a full braiding
of the loop excitation Σ1 and the symmetry flux loop σ both
of which are together linked with another symmetry flux loop
σ. The coefficient Q12qpi32 is the Berry phase of the entire pro-
cess, denoted as θΣ1,σ;σ . This Berry phase is well-defined
mod pi2 . The underlying reason for this modulus is that we
can legitimately attach a particle with unit gauge charge onto
the symmetry flux loop, which leads to an undetectable phase
ambiguity of pi2 .
Note that we can determine the value of q in Eq. (7) or more
general qIJK in Eq. (1) by using the calculation procedures
introduced in our previous work. In the present case q = 4k,
where the integer k ∈ Z4/gcd(4,Q12). Therefore, the possible
patterns of symmetry fractionalization on loops are implicitly
encoded in the charge matrix Q. Nevertheless, there is poten-
tially huge redundancy inQmatrices. It is possible that differ-
ent entry values ofQ12 may lead to the same mixed three-loop
braiding data. For example, if Q12 = 1 and q = 4, we can
deduce θΣ1,σ;σ =
pi
8 mod
pi
2 , while if Q12 = 3 and q = 12,
we can deduce θΣ1,σ;σ =
pi
8 mod
pi
2 . These two cases give the
same fractionalization patterns on loops. By further noting
that the fractionalization on particles is trivial for both cases,
the symmetry fractionalization of these two cases is equiva-
lent. Thus, the SET orders determined by these two theories
are equivalent.
From the simple illustration above, it has been clear that dif-
ferent charge matrices may potentially lead to the same SET
order. In other words, many charge matrices as well as q’s are
redundant in the sense of classification of SETs. To remove
the redundancy, we attempt to gauge the symmetry group and
study the resulting gauged theory GT∗.
3. Gauging with general charge matrices
In this part, we discuss how to generally gauge a symme-
try enriched gauge theory denoted as SEG so as to get the
gauged theory GT∗ with gauge group G∗g . Again, we con-
sider the gauge group and symmetry group of SEG to be
Gg =
∏n
i=1 ZNi and Gs =
∏k
i=1 ZKi , and the minimal cou-
pling constant as Qij where i is the symmetry label and j is
the gauge current label. The SEG action is given by:
S =
1
2pi
∫ m∑
i=1
Nib
idai + Sc + Sint , (9)
Sc =
1
2pi
∫ k∑
i=1
m∑
j=1
AiQijdb
j , (10)
where Ni is the corresponding level of gauge fields b
i and
ai. Ni = 1 for m ≥ i ≥ n + 1. A
i denotes the exter-
nal probe field related to the symmetry subgroup ZKi and
Sint denotes the collection of all twisted terms. Note that
the external probe fields here can only introduce static (i.e.,
non-dynamical) symmetry fluxes. To gauge the symmetryGs
is nothing but to give the dynamics to those static symmetry
fluxes by technically adding newBF terms 12pi
∑k
i KiB
idAi.
The latter enforce the charge-loop braiding statistics onto the
corresponding new gauge charges and flux loops. Besides we
also need to add the corresponding functional integration over
Ai and Bi in the partition function. As a result, we obtain the
following gauged theory:
Sg =
1
2pi
∫
BTWdA+ Sint , (11)
whereW is an integer matrix given by
W =


K1 0 ··· 0 0 ··· 0 0 ··· 0
0 K2 ··· 0 0 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· Kk 0 ··· 0 0 ··· 0
Q11 Q21 ··· Qk,1 N1 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
Q1,n Q2,n ··· Qk,n 0 ··· Nn 0 ··· 0
Q1,n+1 Q2,n+1 ··· Qk,n+1 0 ··· 0 1 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
Q1,m Q2,m ··· Qk,m 0 ··· 0 0 ··· 1


. (12)
B = (B1, B2 · · · , Bk, b1, · · · , bn, bn+1 · · · , bm)T (T de-
notes transpose operation), in which all 2-form gauge fields
are collected;A has the similar form as B, in which all 1-form
gauge fields are collected. Note that two gauge theories with
W and W ′ respectively are in fact topologically equivalent
if they can be connected by a general linear transformation:
W ′ = UWV with U ,V ∈ GL(k +m,Z).
Next, we attempt to diagonalize the matrixW in Eq. (12).
Qij can be any integer in principle. Through some elementary
column or(and) row transformation(s), we can shift Qij to be
less than the greatest common divisor of Ki and Nj . More
precisely, from the Be´zout’s identity,Q can be decomposed in
terms of
Qij = αijNj + βijKi +Q
′
ij , (13)
where the integerQ′ij is less than the greatest common divisor
of Ki and Nj and αij , βij are some integers. Further, we
can constrain Q′ij to be less than of [gcd(Ki, Nj)/2] via an
internal charge conjugation transformation (see Appendix A
for more details). Note that [· · · ] denotes an integer function
such that [2n/2] = n and [(2n + 1)/2 = n + 1]. Under this
constraint, the reduced charge matrix Q′ and the new gauge
groupG∗g are one-to-one correspondence. Technically, we can
6always perform the following transformation to simplifyW to
be
W1 = U0WV0 =


K1 0 ··· 0 0 ··· 0 0 ··· 0
0 K2 ··· 0 0 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· Kk 0 ··· 0 0 ··· 0
Q′11 Q
′
21 ··· Q
′
k1 N1 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
Q′1n Q
′
2n ··· Q
′
kn 0 ··· Nn 0 ··· 0
0 0 ··· 0 0 ··· 0 1 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 0 ··· 0 0 ··· 1


. (14)
Note that V0 depends on αij while U0 depends on βij . Their
explicit forms are given by:
V0=


1 0 ··· 0 0 ··· 0 0 ··· 0
0 1 ··· 0 0 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 1 0 ··· 0 0 ··· 0
−α11 −α21 ··· −αk,1 1 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
−α1,n −α2,n ··· −αk,n 0 ··· 1 0 ··· 0
−Q1,n+1 −Q2,n+1 ··· −Qk,n+1 0 ··· 0 1 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
−Q1,m −Q2,m ··· −Qk,m 0 ··· 0 0 ··· 1


, (15)
and
U0 =


1 0 ··· 0 0 ··· 0 0 ··· 0
0 1 ··· 0 0 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 1 0 ··· 0 0 ··· 0
−β11 −β21 ··· −βk,1 1 ··· 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
−β1,n −β2,n ··· −βk,n 0 ··· 1 0 ··· 0
0 0 ··· 0 0 ··· 0 1 ··· 0
··· ··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 0 ··· 0 0 ··· 1


. (16)
Further we can use the Smith normal form to diagonalize
W1 via Wd = UW1V although the specific procedures usu-
ally depend on the values of Q′ij for fixed Ni and Ki. From
non-unit diagonal elements in the diagonalized matrix, one
can directly obtain G∗g . After we diagonalize W , the final
procedure is to perform the transformation on those 2-form
and 1-form gauge fields: B = (UU0)
T B˜ and A = V0VA˜ and
then substitute them back to the action, especially back to the
twisted terms, in order to get new twisted terms expressed in
terms of new gauge fields. Those new twisted terms which
involve level-one new gauge fields can be abandoned since
their coefficients are topologically equivalent to zero. Finally,
the new BF terms B˜WdA˜ and those nontrivial new twisted
terms together determine GT∗. Note that the final form of
GT∗ highly depends the choice of charge matrices and twisted
terms in Sint.
To summarize, there are three main steps:
1. decomposeQ;
2. extract the new gauge groupG∗g by diagonalizingW ;
3. extract new twisted terms that may appear in GT∗ by
expressing the original twisted terms in terms of new
gauge fields.
Below we discuss the implication of Eq. (13). First of all,
from Eq. (13), we know G∗g only depends on the reduced
charge matrix Q′. If Nj = 1 that corresponds to a trivial
layer, then Q′ij = 0 for any i. We can thus conclude that
adding arbitrary trivial layers do not affect G∗g at all, no mat-
ter how we minimally couple them to the probe fields. In
other words, only the minimally coupling coefficients of non-
trivial layers affect G∗g . Secondly, for finite Abelian gauge
group Gg =
∏n
i=1 ZNi and finite Abelian symmetry group
Gs =
∏k
i=1 ZKi , G
∗
g is also finite Abelian and the num-
ber of different G∗g is finite since the number of different
{Q′ij}(1 ≤ i ≤ k, 1 ≤ j ≤ n) is finite. For every specific
gauge group G∗g , the classification C of inequivalent twisted
gauge theories is finite. Therefore, the number of GT∗ with
gauge group G∗g is also finite since every GT
∗ with gauge
group G∗g is uniquely characterized by an element in C. Nev-
ertheless, generally, the set of GT∗ with gauge group G∗g and
C may not be one-to-one correspondence. To realize all the
possible GT∗, we not only consider different coupling con-
stants of the nontrivial layers, but also those of trivial layers
and the twisted term(s) involving the trivial layers. Finally,
if the gauge group Gg = Z2 × Z2 × · · · × Z2, Q
′
ij can at
most take 0, 1. In other words, the charge matrices Q′ whose
elements are 0 or ±1 are enough to realize all G∗g .
C. Classification scheme and general discussions on Table I
and II
From the above discussions, we find that the gauge groups
(G∗g) obtained from gauging are always Abelian. Conse-
quently, particles cannot carry a high dimensional irreducible
projective representation of the symmetry group. Otherwise,
upon gauging, a non-Abelian gauge group G∗g should be ex-
pected. Such a kind of symmetry fractionalization in which
particles carry one-dimensional either linear or projective rep-
resentation of the symmetry group is called Abelian symmetry
fractionalization.
The classification of SETs with Abelian symmetry fraction-
alization for a 3D Abelian topological order and an Abelian
symmetry is identified to the classification of GT∗. On the
one hand, GT∗ can be classified into different gauge groups
G∗gs. On the other hand, within the same G
∗
g , GT
∗s can have
different twisted terms, namely different three-loop braiding
processes. All these GT∗s are classified by CG∗g . Considering
these two points, in order to distinguish different GT∗s, we
use the notation GT∗s,t where s labels the gauge groupG
∗
g and
t ∈ Cs. Therefore, the classification is given by
Γ = ⊕sCs , (17)
where ⊕ is a formal summation over different gauge groups.
In fact, taking the charge conjugation transformation (see Ap-
pendix. A) into consideration, different gauge groupsG∗g one-
to-one correspond to different patterns of symmetry fraction-
alization on particles, and the three-loop braiding in GT∗ also
one-to-one corresponds to the mixed three-loop braiding, as
we will calculate in Sec. III A 2. Several most representative
examples are calculated and listed in Table I and Table II. In
the remaining main text of this paper, we illustrate this clas-
sification framework via two kinds of 3D topological order,
7namely ZN topological order and ZN × ZN topological or-
der. The former one is classified by Z1 (i.e., only one phase)
while the latter are classified by ZN × ZN .
Table I lists the classification of Z2, Z3 and Z4 topological
order enriched by various Abelian symmetries. For example,
SETs ofZ4 topological order andZ4n symmetry are classified
by Z1⊕ (Z2)
2⊕ (Z4)
2. It means that there are three different
G∗gs. In fact these three G
∗
g gauge groups are Z16n, Z2 × Z8n
and Z4 × Z4n, as shown in Sec. IIIA for n = 1, and the
GT∗s related to these three gauge groups are classified by Z1,
Z2×Z2 andZ4×Z4. As a result, there are totally 1+2
2+42 =
21 distinct SETs. For another example, SET ofZ2 topological
order enriched by Z2n+1 symmetry is classified by Z1 which
means that there is only one G∗g and there is only one GT
∗.
Table II lists the classification of the four Z2 ×Z2 topolog-
ical orders enriched by various Abelian symmetries. A ZN ×
ZN topological order can be described by ZN × ZN topolog-
ical gauge theory with(without) twisted term(s). Different co-
efficients of twisted terms determine differentZN ×ZN topo-
logical orders. Nevertheless, in the presence of symmetry, the
quantization of these twisted terms may change. Therefore,
in classification of SET of a specific ZN × ZN topological
order whose original twisted terms’ coefficients are (q0, q¯0)
modN2, we need to carefully keep track of the coefficients of
these twisted terms and make sure that the coefficients would
collapse to (q0, q¯0) modN
2 when the symmetry is turned off.
Now we discuss the trivial SET in the classification.
Among all SETs, there is a special one, namely the trivial
one that has no nontrivial symmetry fractionalization on all
topological excitations. The trivial SET for a Gg topological
order and a symmetry Gg can be viewed as stacking a triv-
ial SPT and a topological order together. The former has Gs
global symmetry while the latter has Gg gauge group. We
organize all classification results in Table I and II in form of
C1⊕C2⊕ · · ·⊕Cn such that the trivial SET belongs to C1 and
labeled by the trivial element c1,1 in C1. In fact the trivial ele-
ment ci,1 in Ci(i > 1) corresponds to an SET where particles
carry nontrivial fractionalized symmetry charge but loops do
not. Every nontrivial element ci,j (j > 2) in Ci corresponds to
one nontrivial pattern of symmetry fractionalization on loops
and the same symmetry fractionalization on particles as that
in ci,1. Moreover, those SETs labeled by C1 with gauge group
Gg and symmetry group Gs can be realized by gauging the
subgroupGg of global symmetry groupGg×Gs in a 3D SPT
with this global symmetry group.
III. ZN TOPOLOGICAL ORDER ENRICHED BY
ABELIAN SYMMETRIES
First, we present how to reach the classification of SETs
via a concrete example: Z4 topological order enriched by Z4
symmetry.
A. Example: Z4 topological order enriched by Z4 symmetry
1. Classification
The gauge group and symmetry group are Gg = Z4 and
Gs = Z4 respectively so that Eq. (12) takes the form of
W =


4 0 0 · · · 0
Q11 4 0 · · · 0
Q12 0 1 · · · 0
· · · · · · · · · · · · · · ·
Q1m 0 0 · · · 1

 . (18)
The general gauged action (11) with this W is determined
byQij and the choices of twisted terms in Sint. In the follow-
ing, we derive G∗g via gauging by exhausting different charge
matricesQ. Write Q11 = 4n+Q
′
11 and proceed the transfor-
mation
W1 =WV0 =


4 0 0 · · · 0
Q′11 4 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 ,
where V0 takes the form of
V0 =


1 0 0 · · · 0
−n 1 0 · · · 0
−Q12 0 1 · · · 0
· · · · · · · · · · · · · · ·
−Q1m 0 0 · · · 1

 . (19)
If Q′11 = 0, then W1 is diagonal so that G
∗
g = Z4 × Z4.
If Q′11 = ±1, then G
∗
g = Z16, which can be obtained by
a further transformationWd = U1W1V1 where V1 takes the
form of
U1 =


1 ∓4 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 , (20)
V1 =


4 ±1 0 · · · 0
∓1 0 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 . (21)
IfQ′11 = 2, thenG
∗
g = Z2×Z8, which can be obtained via
Wd = U1W1V1 where
U1 =


1 −2 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 , (22)
V1 =


2 1 0 · · · 0
−1 0 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 . (23)
8Therefore, there are three different G∗g: Z4 × Z4, Z16,
Z2 × Z8 which depend on Q
′
11 only. Nevertheless, The
total number of GT∗ depends on different choices of Q1i
(2 ≤ i ≤ m) as well as different twisted terms. One can
further conclude that GT∗ with these gauge groups can have
at most Z4 × Z4, Z1, Z2 × Z2 kinds of different theories,
respectively. Below we show that we can exhaust all but finite
number of these GT∗s via some charge matrices and some
choices of twisted terms in Sint.
(1). G∗g = Z4 × Z4
For the purpose of realizing all possible GT∗s with thisG∗g ,
it is sufficient to consider two layers via setting m = 2 in
Eq. (18) and choosing Q11 = 0 and Q12 = 1. It is easy
to find that under the basis transformation, Wd = WV0 =
diag(4, 4, 1) and
V0 =

 1 0 00 1 0
−1 0 1

 . (24)
If we denote the gauge fields of GT∗ as A˜1, a˜1, a˜2, etc, then
the linear relations of “new” gauge fields and “old” gauge
fields are established via

 A
1
a1
a2

 =

 1 0 00 1 0
−1 0 1



 A˜
1
a˜1
a˜2

 =

 A˜
1
a˜1
a˜2 − A˜1

 , (25)
where A˜1 and a˜1 are level-four 1-form gauge fields and a˜2 is
a level-1 1-form gauge field. Now we consider the possible
twisted terms in GT∗. Let us start with
Sint =
q
4pi2
∫
a1a2da2 +
q¯
4pi2
∫
a2a1da1 . (26)
Using the method reviewed in Appendix B, we can get the
quantization and period of q, q¯:
q, q¯ = 4k, k ∈ Z4 . (27)
Substituting (25) into (28), we get
Sint =
q
4pi2
∫
a˜1A˜1dA˜1 −
q¯
2pi
∫
A˜1a˜1da˜1 + · · · , (28)
where · · · denotes terms that involve a˜2 and does not con-
tribute nontrivial topological properties in GT∗. Since there
are in principle two different twisted terms in a topological
twisted gauge theory with gauge group as Z4 × Z4 and their
coefficients should be quantized to be 4k, k ∈ Z4, each
choice in Eq. (27) is anomoly-free in GT∗. Further, each
choice corresponds to one and only one possible choice of
twisted terms in GT∗. Therefore the classification of GT∗s
with this G∗g is Z4 × Z4.
(2). G∗g = Z2 × Z8
For this G∗g , we also only need to consider two layers to
realize all the GT∗s with thisG∗g . Typically, we chooseQ11 =
2, Q12 = 1 andWd = UWV = diag(8, 2, 1), where
U =

 1 −2 00 1 0
0 0 0

 , V =

 2 1 0−1 0 0
−2 −1 1

 . (29)
Similarly, we denote A˜1, a˜1 and a˜2 as the level-8, level-2,
level-1 1-form gauge fields in GT∗ which can be related to the
old gauge fields as

 A
1
a1
a2

 = V

 A˜
1
a˜1
a˜2

 =

 2A˜
1 + a˜1
−A˜1
−2A˜1 − a˜1 + a˜2

 . (30)
We can choose Sint in the form of Eq. (26). By performing
the basis transformation (30), Sint is changed to:
Sint =
2q − q¯
4pi2
∫
a˜1A˜1dA˜1 −
q
4pi2
∫
A˜1a˜1da˜1 + · · · (31)
Again, via the method in (B), we obtain the following coeffi-
cient quantization rule:
q, q¯ = 8k, k ∈ Z2 . (32)
Since there are in principle two different twisted terms in a
topological twisted gauge theory with gauge group as Z2×Z8
and their coefficients should be quantized to be 8k, k ∈ Z2,
the four choices (q, q¯): (0, 0), (0,−8), (−8, 0)(−8,−8)
are anomaly-free in GT∗. Further, every choice of (32)
corresponds to one and only-one possible choice of twisted
terms in GT∗. Therefore the classification of GT∗with this
G∗g is Z2 × Z2.
(3). G∗g = Z16
Since there is no nontrivial twisted term of 3D topological
twisted gauge theory with this gauge group, all terms in Sint
becomes trivial after gauging.
To summarize, there are Z4 × Z4 ⊕ Z2 × Z2 ⊕ Z1 differ-
ent GT∗s after gauging the SEGs with Z4 gauge group and
Z4 symmetry. From our classification principle, there are
Z4 × Z4 ⊕ Z2 × Z2 ⊕ Z1 different SETs related to 3D Z4
topological order enriched by Z4 symmetry. Note that the
⊕ formally denotes the summation over different G∗g , which
can be further interpreted as a direct sum and physically inter-
preted as stacking of phases, and therefore the classification is
a finitely generated Abelian group.
2. Symmetry fractionalization and G∗g
In retrospect, we obtained the three different G∗gs through
setting Q′11 = 0, 2, ±1 respectively. From the method intro-
duced in Sec. II B 2, there exist three different types of sym-
metry fractionalization for these three classes ofQ′11. In other
words, the symmetry charge carried by the particle with unit
9gauge charge is given by 0, 12 , ±
1
4 mod 1, which can be de-
noted as e0, eC, eQ respectively. Therefore, we can claim that
G∗g encode the information of symmetry fractionalization on
particles. We summarize these results in Table III. It is in-
teresting to compare this result with the result of second co-
homology. Since H2(Z4,Z4) = Z4, it seems that there are
four different symmetry fractionalization patterns on particles.
Nevertheless, we only got three here. To understand this, the
charge conjugation transformation as shown in Appendix A is
the key. From the second cohomology, the 14 and −
1
4 sym-
metry charges carried by particle with unit gauge charge are
inequivalent, denoted as eQ+ and eQ−. Nevertheless, these
two cases can be related by a charge conjugation transforma-
tion, such that they are in fact not independent and can result
in the sameG∗g . Therefore, eQ can be regarded as the result of
the collection {eQ+, eQ−} quotient charge conjugation trans-
formation. Note that e0 and eC are invariant under the charge
conjugation transformation.
SF on particles gauge group G∗g Q
′
11
e0 Z4 × Z4 0
eC Z2 × Z8 2
eQ Z16 ±1
TABLE III. The one-to-one correspondence between symmetry frac-
tionalization and gauge group G∗g for Z4 topological order and Z4
symmetry.
3. Mixed three-loop braiding in SEG and three-loop braiding in
GT
∗
In the following, we explicitly calculate the mixed
three-loop braiding in SEGs and the three loop braid-
ing in the corresponding GT∗s, from which we can observe
the one-to-one correspondence between these two sets of data.
(1). G∗g = Z4 × Z4
We first calculate the three-loop braiding in GT∗ with this
G∗g . These GT
∗ can be represented as
S =
4
2pi
∫
B˜1dA˜1 + b˜1da˜1
+
q′
4pi2
∫
a˜1A˜1dA˜1 +
q¯′
4pi2
∫
A˜1a˜1da˜1
+
∫
A˜1 ∗ j1 + a˜1 ∗ j2 + B˜1 ∗Σ1 + a˜1 ∗ Σ2 . (33)
By integrating out B˜1 and b˜1, we get A˜1 = −pi2 ∗ d
−1Σ1
and a˜1 = −pi2 ∗ d
−1Σ2. Upon substituting them back to the
remaining part of action, we obtain
S =−
q′pi
32
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1)
−
q¯′pi
32
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
∫
pi
2
∗ d−1Σ1 ∗ j1 −
pi
2
∗ d−1Σ2 ∗ j2 . (34)
in which the first two terms represent two independent three-
loop braiding processes. More concretely, the first term de-
scribes a full braiding of gauge flux loops Σ1 and Σ2 on the
base gauge flux loop Σ1, while the second describes a full
braiding of elementary gauge flux loopsΣ1 andΣ2 on the base
gauge flux loop Σ2. We denote these two statistical processes
as θΣ1,Σ2;Σ1 and θΣ1,Σ2;Σ2 respectively. Since q, q¯ can take
0, 4, 8, 12 mod 16, θΣ1,Σ2;Σ1 , θΣ1,Σ2;Σ2 =0, −
pi
8 , −
pi
4 , −
3pi
8
mod pi2 . The modulus
pi
2 comes from the period of q
′, q¯′. Phys-
ically, an elementary gauge charge excitation e1 or e2 can be
attached to the flux loop Σ1 or Σ2 dynamically, which results
in an ambiguity phase pi2 in the associated thought experiment.
Next we consider mixed three-loop braiding. As already
shown, we only need to consider two layers to achieve all
theseGT∗s, and the chargematrix is chosen such thatQ11 = 0
andQ12 = 1. Now the action S takes the form of
S =
4
2pi
∫
b1da1 +
1
2pi
∫
b2da2
+
q
4pi2
∫
a1a2da2 +
q¯
4pi2
∫
a2a1da1
1
2pi
∫
A1db2 +
∫
ai ∗ ji +
∫
b1 ∗ Σ1 . (35)
Upon integrating out b1 and b2, we obtain a1 = −pi2 ∗ d
−1Σ1
and a2 = −pi2 ∗ d
−1σ. By substituting them back to the re-
maining part of the action, we obtain
S =
pi
2
∫
j1d−1Σ1 −
∫
A1 ∗ j2
−
qpi
32
∫
(∗d−1Σ1)(∗d−1σ)(∗σ)
−
qpi
32
∫
(∗d−1σ)(∗d−1Σ1)(∗Σ1) . (36)
Here since q, q¯ = 0, 4, 8, 12 mod 16, the two mixed three-
loop braiding phases are given by θΣ1,σ;σ , θσ,Σ1;Σ1 = 0, −
pi
8 ,
pi
4 ,
3pi
8 mod
pi
2 , where the modulus
pi
2 comes from the period of
q, q¯. Alternatively, the pi2 phase physically corresponds to at-
taching a particle with unit gauge charge to the symmetry flux
or gauge flux loop dynamically. Now we can conclude that
the mixed three-loop braiding and three-loop braiding in GT∗
are one-to-one correspondence, as shown in Table IV. One
may wonder that if we choose other choices of charge matri-
ces and even different twisted terms in Sint, the mixed three-
loop braidings would be different. However, it turns out that
no matter what other choices of charge matrices and different
twisted terms are, the mixed three-loop braiding data will not
be beyond those listed in Table IV. For example, if we choose
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Q12 = 2, then q, q¯ also take 0, 4 mod 8, and θΣ1,σ;σ = 0, 0
mod pi/2.
mixed three-loop θΣ1,σ;σ three-loop θΣ1,Σ2;Σ2
0 0
−pi/8 −pi/8
−pi/4 −pi/4
−3pi/8 −3pi/8
mixed three-loop θσ,Σ1;Σ1 three-loop θΣ1,Σ2;Σ1
0 0
−pi/8 −pi/8
−pi/4 −pi/4
−3pi/8 −3pi/8
TABLE IV. The correspondence between mixed three-loop braiding
statistics and three-loop braiding in GT∗ of the case G∗g = Z4 × Z4
for Z4 topological order and Z4 symmetry.
(2). G∗g = Z2 × Z8
We first calculate the three-loop braiding in GT∗ with this
G∗g . These GT
∗ can be represented as
S =
2
2pi
∫
B˜1dA˜1 +
8
2pi
∫
b˜1da˜1
+
q′
4pi2
∫
a˜1A˜1dA˜1 +
q¯′
4pi2
∫
A˜1a˜1da˜1
+
∫
A˜1 ∗ j1 + a˜1 ∗ j2 + B˜1 ∗Σ1 + a˜1 ∗ Σ2 . (37)
Upon integrating out B˜1 and b˜1, we get A˜1 = −pi ∗ d−1Σ1
and a˜1 = −pi4 ∗ d
−1Σ2. By substituting them back to the
remaining part of action, we obtain
SZ4×Z4 =−
q′pi
16
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1)
−
q¯′pi
64
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
∫
2pi
2
∗ d−1Σ1 ∗ j1 −
pi
4
∗ d−1Σ2 ∗ j2 . (38)
The first two terms describe two independent three-loop braid-
ing processes. More concretely, the first term describes a full
braiding of elementary gauge flux loopsΣ1 andΣ2 on the base
gauge flux loop Σ1, while the second describes a full braid-
ing of elementary gauge flux loops Σ1 and Σ2 on the base
gauge flux loop Σ2. We denote these two statistical phases
as θΣ1,Σ2;Σ1 and θΣ1,Σ2;Σ2 respectively. Since q, q¯ can take
0, 8 mod 16, θΣ1,Σ2;Σ1=0,
pi
2 mod pi, θΣ1,Σ2;Σ2 =0, −
pi
8 mod
pi
4 . The modulus pi and
pi
8 comes from the period of q
′ and q¯′.
Nevertheless, if considering attaching e1 to Σ
2 dynamically,
θΣ1,Σ2;Σ1 will be shifted by
pi
2 , which cannot be detectable.
Therefore, the true period of θΣ1,Σ2;Σ1 is
pi
2 , which means
that θΣ1,Σ2;Σ1 = 0 mod
pi
2 . Nevertheless, the first term of
Eq. (38) also indicates the process of a full braiding of ele-
mentary gauge flux loops Σ1 and Σ2 on the base gauge flux
loop Σ1, and we can also calculate it θΣ1,Σ1;Σ2 = 0, pi mod
2pi. If considering attaching e1 to Σ
1 dynamically, namely
Σ1 → e1Σ
1, the process θΣ1,Σ1;Σ2 will be shifted by 2pi.
Therefore, θΣ1,Σ1;Σ2 = 0, pi mod 2pi is invariant under this
attaching operation.
Now we turn to consider the mixed three-loop braiding. As
shown above, we only need to consider two layers to realize
all these GT∗ with this G∗g , and the charge matrix is chosen
such that Q11 = 2 and Q12 = 1. Now this action takes the
form of
S =
4
2pi
∫
b1da1 +
1
2pi
∫
b2da2
+
q
4pi2
∫
a1a2da2 +
q¯
4pi2
∫
a2a1da1
1
2pi
∫
A1(2db1 + db2) +
∫
ai ∗ ji +
∫
b1 ∗Σ1 . (39)
Upon integrating out b1 and b2, we actually get a1 = −pi2 ∗
d−1Σ1 − pi4 ∗ d
−1σ and a2 = −pi2 ∗ d
−1σ. By substituting
them back to the remaining part of the action, we obtain
S =
pi
2
∫
j1d−1Σ1 −
∫
A1 ∗ j2 −
1
2
∫
A1 ∗ j1
−
(2q − q¯)pi
64
∫
(∗d−1Σ1)(∗d−1σ)(∗σ)
−
q¯pi
32
∫
(∗d−1σ)(∗d−1Σ1)(∗Σ1) . (40)
Likewise, since q, q¯ = 0, 8 mod 16, the two mixed three-loop
braiding phases are θΣ1,σ;σ=0,
pi
8 mod
pi
4 , θΣ1,Σ1;σ = 0, −
pi
2
mod pi, where the modulus pi4 and pi come from the period of
q, q¯ or physically attaching an elementary gauge charge ex-
citation gauge flux loop dynamically. Now we can conclude
that the mixed three-loop braiding and three-loop braiding in
GT∗ are one-to-one correspondence, as shown in Table V.
mixed three-loop θΣ1,σ;σ three-loop θΣ1,Σ2;Σ2
0 0
pi/8 pi/8
mixed three-loop θΣ1,Σ1;σ three-loop θΣ1,Σ1;Σ2
0 0
pi/2 pi
TABLE V. The correspondence between mixed three-loop braiding
statistics and three-loop braiding in GT∗ of the case G∗g = Z4 × Z2
for Z4 topological order and Z4 symmetry.
(3). G∗g = Z16
There is no nontrivial three-loop braiding for the GT∗ with
this gauge group.
Now we consider the mixed three-loop braiding. We con-
sider two charge matrices that both can realize this G∗g . First,
we consider only one layer, and choose Q11 = 1. Since there
are no nontrivial twisted terms, therefore, there is no nontriv-
ial mixed three-loop braiding.
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Next, we consider another charge matrix that can also real-
ize this G∗g . In this time, we consider two layers and choose
Q11 = 1 and Q12 = 1. As a result, the action takes
S =
4
2pi
∫
b1da1 +
1
2pi
∫
b2da2
+
q
4pi2
∫
a1a2da2 +
q¯
4pi2
∫
a2a1da1
1
2pi
∫
A1(db1 + db2) +
∫
ai ∗ ji +
∫
b1 ∗ Σ1 . (41)
Upon integrating out b1 and b2, we obtain a1 = −pi2 ∗d
−1Σ1−
pi
2 ∗d
−1σ and a2 = −pi2 ∗d
−1σ. Substituting them back to the
remaining part of the action, we obtain:
S =
pi
2
∫
j1d−1Σ1 −
∫
A1 ∗ j2 −
1
4
∫
A1 ∗ j1
−
(q − q¯)pi
32
∫
(∗d−1Σ1)(∗d−1σ)(∗σ)
−
q¯pi
32
∫
(∗d−1σ)(∗d−1Σ1)(∗Σ1) . (42)
Due to q, q¯ = 0, 16, 32, 48 mod 64, the two mixed three-
loop braiding phases can take only trivial values θΣ1,σ;σ = 0,
pi
2 , pi,
3pi
2 mod 2pi, θσ,Σ1;Σ1 = 0,
pi
2 , pi,
3pi
2 mod 2pi, where
the modulus 2pi comes from the period of q, q¯. It seems that
θΣ1,σ;σ and θσ,Σ1;Σ1 can take different values; however, these
different values will be shifted to zero by the attaching oper-
ation of Σ1 → e1Σ
1, which will result in a non-detectable
phase factor: pi8 . Therefore, all of these values cannot ad-
mit any nontrivial mixed three-loop braidings in SEGs. This
is consistent with fact that there is no three-loop braiding of
GT∗s with this G∗g .
4. Trivial SET: Stacking of topological order and SPT
There are Z4 × Z4 different kinds of SETs that belong to
G∗g = Z4 × Z4. All these SETs are one-to-one correspon-
dence to Z4 × Z4 SPTs. More precisely, any of these SETs
can be realized by gauging one symmetry subgroup of a root
phase of Z4 × Z4 SPTs. In particular, the trivial one of this
classification corresponds to the trivial Z4 × Z4 SPT. After
gauging a Z4 subgroup of the trivial Z4 × Z4 SPT, we get
the trivial SET which is nothing but the Z4 topological order
stacked with the Z4 SPT.
In summary, via series of concrete examples, we have
shown how to obtain the classification of SETs of ZN 3D
topological order enriched by finite Abelian symmetry. Other
cases can be understood in similar procedures. Some results
as listed in Table I.
IV. ZN1 × ZN2 BOSONIC TOPOLOGICAL ORDER
ENRICHED BY ABELIAN SYMMETRIES
In contrast to 3D ZN topological order, ZN1 × ZN2 topo-
logical order can have many phases even in the absence of
symmetry. In terms of twisted gauge theory language, when
the gauge group is ZN1 × ZN2 , there can be some nontrivial
twisted terms in Eq. (1):
S =
∫
1
2pi
2∑
i=1
Nib
idai+
q
4pi2
a1a2da2+
q¯
4pi2
a2a1da1 , (43)
where q, q¯ = kN1N2N12 , k ∈ ZN12(N12 is the greatest common
divisor of N1 and N2). Different pairs of {q, q¯} correspond
to different twisted gauge theories (thereby different topo-
logical orders with same gauge group ZN1 × ZN2). There-
fore, ZN1 × ZN2 topological orders in 3D are classified by
ZN12×ZN12 . Since the topological order are robust even sym-
metry is broken, each SET will collapse to a certain topologi-
cal order once the symmetry is broken. If N1 = N2 = 2, q, q¯
can take 0,2 mod 4. Therefore there are four choices of (q, q¯):
(0, 0), (2, 0), (0, 2), (2, 2), namely four distinct Z2×Z2 topo-
logical orders denoted as TO1, TO2, TO3, TO4. We denote
the gauge flux loop corresponding to the two gauge subgroups
as m and m′ and the symmetry flux Ω and the gauge charge
of these two gauge subgroups as e and e′ and the symmetry
charge as Q.
A. Example: Z2 × Z2 topological order enriched by Z2
symmetry
1. Classification
Now Gg = Z2 × Z
′
2 and Gs = Z2, where we have added
a prime to distinguish two different gauge subgroups. For this
case, in generalW in Eq. (12) can take
W =


2 0 0 0 · · · 0
Q11 2 0 0 · · · 0
Q21 0 2 0 · · · 0
Q31 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
Qm1 0 0 0 · · · 1


. (44)
The general gauged action (11) with thisW is determined by
Qij and the choices of twisted terms in Sint. First, we exam-
ine all possibleG∗gs by gauging under choosing differentQij .
Assuming that Q11 = Q
′
11 + 2n11, Q21 = Q
′
21 + 2n21,W is
transformed to
W1 =WV0 =


2 0 0 0 · · · 0
Q′11 2 0 0 · · · 0
Q′21 0 2 0 · · · 0
0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1


, (45)
where
V0 =


1 0 0 0 · · · 0
−n11 1 0 0 · · · 0
−n21 0 1 0 · · · 0
−Q31 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
−Qm1 0 0 0 · · · 1


. (46)
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Therefore,G∗g only depends on Q
′
11 and Q
′
21, which can take
0, 1. Below, we discuss G∗g case by case.
(1). Q′11 = 0, Q
′
21 = 0
For this case,W1 is diagonal: W1 = diag(2, 2, 2). There-
fore,G∗g = Z2 ×Z2 ×Z
′
2. Physically, we can understand this
G∗g from the fusion rules of gauge flux m, m
′ and symmetry
flux Ω. For this case, Ω× Ω ∼ 1,m×m ∼ 1,m′ ×m′ ∼ 1
where 1 denotes the trivial loop. These fusion rules indicate
that Ω, m and m′ “generate” three Z2 gauge subgroup
independently.
(2). Q′11 = 1, Q
′
21 = 0
W can be diagonalized via Wd = UWV =
diag(4, 1, 2, 1, · · · , 1), where
V =


2 1 0 0 · · · 0
−Q11 −n11 0 0 · · · 0
−Q21 −n21 1 0 · · · 0
−2Q31 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
−2Qm1 −Qm1 0 0 · · · 1


U =


1 −2 0 0 · · · 0
0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1


. (47)
Therefore, G∗g = Z4 × Z
′
2. For this case, Ω × Ω ∼ m,
m × m ∼ 1, m′ × m′ ∼ 1 where 1 denotes the trivial
loop. These fusion rules indicate that Ω “generate” the Z4
subgroup,m “generate” a Z2 subgroup of the Z4 subgroup of
G∗g whilem
′ “generate” the Z′2 group of G
∗
g .
(3). Q′11 = 0, Q
′
21 = 1
W can be diagonalized via Wd = UWV =
diag(4, 2, 1, 1, · · · , 1), where
V =


2 1 0 0 · · · 0
−Q11 −n11 0 0 · · · 0
−Q21 −n21 1 0 · · · 0
−2Q31 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
−2Qm1 −Qm1 0 0 · · · 1


U =


1 0 −2 0 · · · 0
0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1


. (48)
Therefore, G∗g = Z
′
4 × Z2. For this case, Ω × Ω ∼ m
′,
m × m ∼ 1, m′ × m′ ∼ 1 where 1 denotes the trivial
loop. These fusion rules indicate that Ω “generates” the Z′4
subgroup, m′ “generates” a Z2 subgroup of the Z
′
4 subgroup
of G∗g whilem “generates” the Z2 group of G
∗
g .
(4). Q′11 = 1, Q
′
21 = 1
Again, W can be diagonalized via Wd = UWV =
diag(4, 1, 2, 1, · · · , 1) where
V =


2 1 0 0 · · · 0
−Q11 −n11 0 0 · · · 0
−Q21 −n21 1 0 · · · 0
−2Q31 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
−2Qm1 −Qm1 0 0 · · · 1


, (49)
U =


2 1 0 0 · · · 0
−1 0 0 0 · · · 0
−1 0 1 0 · · · 0
0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1


(50)
thereforeG∗g = Z4 × Z2. For this case, Ω× Ω ∼ mm
′, m×
m ∼ 1,m′ ×m′ ∼ 1 where 1 denotes the trivial loop. These
fusion rules indicate that Ω “generates” the Z4 subgroup of
G∗g , mm
′ “generates” a Z2 subgroup of the Z4 subgroup in
G∗g while the Z2 group of G
∗
g can be viewed as the quotient
group of Z2 × Z
′
2 “generated” bym andm
′ overmm′.
In summary, there are four G∗gs : Z2 × Z2 × Z
′
2, Z4 × Z
′
2,
Z
′
4 × Z2 and Z4 × Z2 which depend on different choices of
Q′11 and Q
′
12 and not on Q21, Q13, · · · Nevertheless, GT
∗s
depend on all Qij as well as different twisted terms. The last
three “Z4 × Z2” seem to be the same; however, in fact they
have different origins. One can find the physical interpretation
of the origin above. On the other hand, mathematically, this
can be understood by regarding the gauge group as ZN1×ZN2
where N1 = N2 = 2. The last three ones are then written as
Z2N1 ×ZN1 , Z2N2 ×ZN1 and Z2N1N2/N12 ×ZN12 . One can
further conclude that GT∗s with these gauge groups can have
at most Z4 × Z4, Z1, Z2 × Z2 kinds of different theories,
respectively. Now we are going to explore all possible GT∗s
with different G∗gs for the four different Z2 × Z
′
2 topological
orders.
(1). G∗g = Z2 × Z2 × Z
′
2
Under the basis transformation (46), we can express the old
gauge fields in terms of new gauge fields:


A1
a1
a2
a3
· · ·
an


= V0


A˜1
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
a˜1 − n11A˜
1
a˜2 − n21A˜
1
a˜3 −Q31A˜
1
· · ·
a˜n −Qn1A˜
1


, (51)
where A˜1, a˜1 and a˜2 are the level-2, level-2 and level-2 new
gauge fields.
We first consider those new twisted terms involving A˜1.
There are six such new twisted terms: a˜1A˜1dA˜1, A˜1a˜1da˜1,
13
a˜2A˜1dA˜1, A˜1a˜2da˜2, a˜1a˜2dA˜1 and a˜1A˜1da˜2, whose allowed
coefficients are all quantized as 0, 2 mod 4. In fact, if we
choose Q31 = 1, all these new twisted terms can be realized
by choosing proper original twisted terms in Sint:
q133a
1a3da3 = q133a˜
1A˜1dA˜1 + · · ·
q311a
3a1da1 = −q311A˜
1a˜1da˜1 + · · ·
q233a
2a3da3 = q233a˜
2A˜1dA˜1 + · · ·
q322a
3a2da2 = −q322A˜
1a˜2da˜2 + · · ·
q132a
1a3da2 = −q132a˜
1A˜1da˜2 + q132n21a˜
1A˜1dA˜1 · · ·
q123a
1a2da3 = −q123a˜
1a˜2dA˜1 + q123n21a˜
1A˜1dA˜1
− q123n21a˜
1A˜1dA˜1 + · · · .
Note that · · · collects all new twisted terms that involves level-
1 gauge field and therefore are topologically trivial. The quan-
tization of coefficients qijk on the left hand side can be deter-
mined from the original theory via the method developed in
our previous work. It turns out that all these qijk listed above
are quantized to multiple of 2. Therefore, by proper choices
of qijk , one can realize any patterns of these six new twisted
terms in GT∗, which contributes to a factor of (Z2)
6 in the
classification.
We now consider the twisted terms in Eq. (43). From
this basis transformation (51), we know the new twisted term
a˜1a˜2da˜2 only inherits from a1a2da2 and a˜2a˜1da˜1 only from
a2a2da1. The allowed coefficients of these two new twisted
terms are 0, 2 mod 4. Under the basis transformation (51), we
can get these twisted terms in terms of new gauge fields as
q
4pi2
a1a2da2 =
q
4pi2
(a˜1 − n11A˜
1)(a˜2 − n21A˜
1)d(a˜2 − n21A˜
1)
=
q
4pi2
a˜1a˜2da˜2 + · · ·
q¯
4pi2
a2a1da1 =
q¯
4pi2
(a˜2 − n21A˜
1)(a˜1 − n11A˜
1)d(a˜1 − n11A˜
1)
=
q¯
4pi2
a˜2a˜1da˜1 + · · ·
where · · · denotes those twisted terms involving at least one
A˜1 which have been discussed above and can be ignored in
our discussion here.
The quantization of q, q¯ now takes the form of
q, q¯ = k
4/ gcd(2, gcd(n11, n21))
gcd(2, 2/ gcd(2, gcd(n11, n21)))
(52)
where k can take some integers. We can find that q, q¯ are
some multiple of 2, therefore they are anomaly-free in the
new gauge theory. It is convenient to choose n11 = n21 = 0,
which makes q, q¯ = 0, 2mod 4. The four choices of (q, q¯)=(0,
0), (2, 0), (0,2), (2, 2) mod 4, correspond to four inequiv-
alent patterns of a˜1a˜2da˜2, a˜2a˜1da˜1 and before gauging also
correspond to the four different Z2 × Z2 topological order,
namely TO1, TO2, TO3, TO4. Namely, inequivalent pat-
terns of new twisted terms a˜1a˜2da˜2, a˜2a˜1da˜1 correspond to
different Z2 × Z2 topological orders.
Therefore, the classification of GT∗ with this gauge group
for TO1, TO2, TO3 and TO4 is all (Z2)
6.
(2). G∗g = Z4 × Z
′
2
Under the basis transformation (47), we can express the old
gauge fields in terms of new gauge fields:


A1
a1
a2
a3
· · ·
an


=V


A˜1
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 + a˜1
−Q11A˜
1 − n11a˜
1
−Q21A˜
1 − n21a˜
1 + a˜2
−2Q31A˜
1 −Q31a˜
1 + a˜3
· · ·
−2Qn,1A˜
1 −Qn,1a˜
1 + a˜n


(53)
where A˜1, a˜1 and a˜2 are the level-4, level-1 and level-2 new
gauge fields.
First we notice that there are in total two new nontrivial
twisted terms : a˜2A˜1dA˜1, A˜1a˜2da˜2, whose allowed coeffi-
cients are 0, 4 mod 8. From (53), we can find that these two
new twisted terms can only inherit from those twisted terms
involving a2 field. Without loss of generality, it is enough to
consider the following six twisted terms qa1a2da2, q¯a2a1da1,
q233a
2a3da3, q322a
3a2da2, q123a
1a2da3, q233a
2a3da4 in
Sint. Now we discuss the last four terms first:
q233a
2a3da3 = 4Q231q233a˜
2A˜1dA˜1 + · · · (54)
q322a
3a2da2 = −2Q31q322A˜
1a˜2da˜2
+ 2Q21Q3q322A˜
1a˜2dA˜1 + · · · (55)
q123a
1a2da3 = 2Q31Q11q123A˜a˜
2dA˜+ · · · (56)
q234a
2a3da4 = 4Q31Q41q234a˜
2A˜1dA˜1 + · · · (57)
The quantization values of q233, q322, q123, q234 are all quan-
tized to be multiple of 4, meaning that the quantization val-
ues of 4q233, 2q322 and 2q123, 4q234 are multiple of 16, 8, 8
and 16. Nevertheless, the allowed coefficients of those new
twisted terms are 0, 4 mod 8, therefore, all the coefficients of
the new twisted terms are equivalent to zero.
Now we consider another two twisted terms:
qa1a2da2 = Q11q(Q21A˜
1a˜2dA˜1 − A˜1a˜2da˜2) + · · ·
q¯a2a1da1 = Q211q¯a˜
2A˜1dA˜1 + · · · (58)
where · · · denotes those involving the level-1 twisted terms.
Here the quantization values of q, q¯ are multi-
ple of 4/ gcd(4, gcd(Q11, Q21)). Since Q11 is odd,
gcd(4, gcd(Q11, Q21))=1, and then q, q¯ are multiple of 4.
Any quantized value of q, q¯ for the type of charge matrices
which result in this G∗g is equivalent to q, q¯ = 0 mod 4, which
before gauging always corresponds to TO1. q, q¯ = 2 mod
4 are anomalous if the charge matrix takes the form such
that G∗g = Z4 × Z
′
2. In other words, only TO1 can admit
such kinds of minimally coupling in a consistent way. If we
choose Q11 = 1, Q21 = 0, the coefficients of A˜
1a˜2da˜2 and
a˜2A˜1dA˜1 now becomes −q, q¯. Nevertheless, q, q¯=0, 4 mod 8
correspond to different GT∗s.
Therefore, the classification of GT∗ of this G∗g for TO1 is
Z2 × Z2, while for other TO2, TO3 and TO4 is none.
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(3). G∗g = Z
′
4 × Z2
Since this case can be obtained by just exchanging the
two gauge subgroups, the discussion is parallel to the case
(2). Therefore, we can draw the conclusion immediately: the
classification of GT∗ of this G∗g for TO1 is Z2 × Z2, while
for other TO2, TO3 and TO4 is none.
(4). G∗g = Z4 × Z2
By comparing the two V matrices in Eq. (47) and (50), we
can find that the transformations of 1-form gauge field are
the same except the fact that Q21 is even in (47) and odd in
Eq. (50). Therefore the twisted terms a1a2da2 and q¯a2a1da1
transform in the same way as (58). The quantization values
of q, q¯ here are also multiple of 4/ gcd(4, gcd(Q11, Q21)),
namely multiple of 4. Parallel to the discussion in case (2),
we can also find that only TO1 can admit such kinds of mini-
mally coupling in a consistent way.
Then we consider the twisted terms q233a
2a3da3,
q322a
3a2da2, q123a
1a2da3, q233a
2a3da4 in Sint, which
transform exactly in the same for as that in case (2) except
Q21 is odd here. Their coefficients are also all multiple of 4,
therefore the coefficients of new twisted terms from this four
twisted terms are equal to 0 mod 8.
Therefore, the classification of GT∗ of this G∗g for TO1 is
Z2 × Z2, while for other TO2, TO3 and TO4 is none.
2. Symmetry fractionalization and G∗g
To realize these four G∗g, we have chosen four choices of
Q11 and Q12: (0, 0), (1, 0), (0, 1), (1, 1). In fact, these
four choices correspond to four different symmetry fraction-
alization on gauge charges. If we denote the two elemen-
tary gauge charges of the two gauge subgroup as e, e′, the
above four choices correspond to the fractionalization pat-
terns that e, e′ carry (0, 0), ( 12 , 0), (0,
1
2 ), (
1
2 ,
1
2 ) mod 1 re-
spectively, denoted as e0e′0, eCe′0, e0e′C, eCe′C. We sum-
marize these results in Table VI. It is interesting to com-
pare this result with the result of second cohomology. Since
H2(Z2,Z2 × Z2) = Z2 × Z2, it seems to be four different
symmetry fractionalization patterns on particles. This is con-
sistent with the four patterns listed above.
SF on particles gauge group G∗g (Q
′
11, Q
′
12)
e0e′0 Z2 × Z
′
2 × Z2 (0, 0)
eCe′0 Z4 × Z
′
2 (1, 0)
e0e′C Z2 × Z
′
4 (0, 1)
eCe′C Z4 × Z2 (1, 1)
TABLEVI. The correspondence between symmetry fractionalization
and gauge groupG∗g for Z2×Z2 topological order and Z2 symmetry.
3. Mixed three-loop braiding and three-loop braiding in GT∗
(1). G∗g = Z2 × Z2 × Z
′
2
We first study the three-loop braiding in the GT∗ with this
gauge group. The action can be represented as
S =
2
2pi
∫
a˜1da˜1 +
2
2pi
∫
b˜2da˜2 +
2
2pi
∫
b˜3da˜3
+
∫
a˜1 ∗ j1 + a˜2 ∗ j2 + a˜3 ∗ j3
+
∫
b˜1 ∗ Σ1 + b˜2 ∗ Σ2 + b˜3 ∗ Σ3 + Sint . (59)
There are eight kinds of twisted terms that we can consider,
namely
Sint =
q122
4pi2
∫
a˜1a˜2da˜2 +
q211
4pi2
∫
a˜2a˜1da˜1
+
q133
4pi2
∫
a˜1a˜3da˜3 +
q311
4pi2
∫
a˜3a˜1da˜1
+
q322
4pi2
∫
a˜3a˜2da˜2 +
q233
4pi2
∫
a˜2a˜3da˜3
+
q123
4pi2
∫
a˜1a˜2da˜3 +
q132
4pi2
∫
a˜1a˜3da˜2 . (60)
Upon integrating out b˜1, b˜2, b˜3, we get a˜i = −pi ∗ d−1Σi,
i = 1, 2, 3. By substituting them back to Sint, we obtain
Sint =−
q122pi
4
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
q211pi
4
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1)
−
q133pi
4
∫
(∗d−1Σ1)(∗d−1Σ3)(∗Σ3)
−
q311pi
4
∫
(∗d−1Σ3)(∗d−1Σ1)(∗Σ1)
−
q322pi
4
∫
(∗d−1Σ3)(∗d−1Σ2)(∗Σ2)
−
q233pi
4
∫
(∗d−1Σ2)(∗d−1Σ3)(∗Σ3)
−
q123pi
4
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ3)
−
q132pi
4
∫
(∗d−1Σ1)(∗d−1Σ3)(∗Σ2) . (61)
Since the coefficients qijk above all take 0, 2mod 4, the three-
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loop braiding statistical phases take
θΣ1,Σ2;Σ2 = 0,
pi
2
mod pi
θΣ2,Σ1;Σ1 = 0,
pi
2
mod pi
θΣ1,Σ3;Σ3 = 0,
pi
2
mod pi
θΣ3,Σ1;Σ1 = 0,
pi
2
mod pi
θΣ2,Σ3;Σ3 = 0,
pi
2
mod pi
θΣ3,Σ2;Σ2 = 0,
pi
2
mod pi
θΣ1,Σ2;Σ3 = 0,
pi
2
mod pi
θΣ1,Σ3;Σ2 = 0,
pi
2
mod pi
where the modulus pi comes from the period of qijk or physi-
cally understood as the undetectable pi phase factor by attach-
ing gauge charge e1, e2 or e3 to some flux loop excitation.
Now we consider the mixed three-loop braiding. To realize
this G∗g , we choose three layers and set Q13 = 1 and Q11 =
Q12 = 0. The action now takes
S =
2
2pi
∫
b1da1 +
2
2pi
∫
b2da2 +
1
2pi
∫
b3da3
+
∫
a1 ∗ j1 + a2 ∗ j2 + a3 ∗ j3
+
∫
b1 ∗ Σ1 + b2 ∗ Σ2 + b3 ∗ Σ3
+
1
2pi
∫
Adb3 + Sint . (62)
Upon integrating out b1, b2, b3, we get ai = −pi ∗ d−1Σi(i =
1, 2) and a3 = pi ∗ d−1σ. By substituting them back to Sint,
we get
S =−
q122pi
4
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
q211pi
4
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1)
−
q133pi
4
∫
(∗d−1Σ1)(∗d−1σ)(∗σ)
−
q311pi
4
∫
(∗d−1σ)(∗d−1Σ1)(∗Σ1)
−
q322pi
4
∫
(∗d−1σ)(∗d−1Σ2)(∗Σ2)
−
q233pi
4
∫
(∗d−1Σ2)(∗d−1σ)(∗σ)
−
q123pi
4
∫
(∗d−1Σ1)(∗d−1Σ2)(∗σ)
−
q132pi
4
∫
(∗d−1Σ1)(∗d−1σ)(∗Σ2) . (63)
Since the coefficients qijk above all take 0, 2mod 4, the three-
loop braiding above take
θΣ1,Σ2;Σ2 = 0,
pi
2
mod pi
θΣ2,Σ1;Σ1 = 0,
pi
2
mod pi
θΣ1,σ;σ = 0,
pi
2
mod pi
θσ,Σ1;Σ1 = 0,
pi
2
mod pi
θΣ2,σ;σ = 0,
pi
2
mod pi
θσ,Σ2;Σ2 = 0,
pi
2
mod pi
θΣ1,Σ2;σ = 0,
pi
2
mod pi
θΣ1,σ;Σ2 = 0,
pi
2
mod pi
where the modulus pi comes from the period of qijk or physi-
cally understood as the undetectable pi phase factor by attach-
ing gauge charge e, e′ to some flux loop excitation.
It is easy to observe that the mixed three-loop braiding
and three-loop braiding are indeed one to one correspondence.
(2). G∗g = Z4 × Z
′
2
We first study the three-loop braiding in the GT∗ with this
gauge group. The action now can take
S =
4
2pi
∫
a˜1da˜1 +
2
2pi
∫
b˜2da˜2
+
∫
a˜1 ∗ j1 + a˜2 ∗ j2
+
∫
b˜1 ∗ Σ1 + b˜2 ∗ Σ2 + Sint . (64)
There are two different twisted terms that we need to consider:
Sint =
q122
4pi2
∫
a˜1a˜2da˜2 +
q211
4pi2
∫
a˜2a˜1da˜1 . (65)
Upon integrating out b1, b2, we get a1 = −pi2 ∗ d
−1Σ1 and
a2 = −pi ∗ d
−1Σ2. By substituting them back to Sint, we get
Sint =−
q122pi
8
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
q211pi
16
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1) . (66)
Since the coefficients qijk above all take 0, 4 mod 8, therefore
the three-loop braiding above take
θΣ2,Σ2;Σ1 = 0, pi mod 2pi , (67)
θΣ1,Σ1;Σ2 = 0,
pi
2
mod pi . (68)
Now we consider the mixed three-loop braiding. To realize
this G∗g , we only need to consider two layers, and set Q11 =
16
1, Q12 = 0. The action now takes
S =
2
2pi
∫
b1da1 +
2
2pi
∫
b2da2 +
∫
a1 ∗ j1 + a2 ∗ j2
+
∫
b1 ∗ Σ1 + b2 ∗ Σ2 +
1
2pi
∫
Adb1 + Sint , (69)
where,
Sint =
q122
4pi2
∫
a1a2da2 +
q211
4pi2
∫
a2a1da1 . (70)
Upon integrating out b1, b2, we get a1 = −pi ∗ d−1Σ1 − pi2 ∗
d−1σ and a2 = pi ∗ d−1Σ2. By substituting them back to the
remaining of the action, we get
Sint =−
q122pi
4
∫
(∗d−1Σ1)(∗d−1Σ2)(∗Σ2)
−
q122pi
8
∫
(∗d−1σ)(∗d−1Σ2)(∗Σ2)
−
q211pi
4
∫
(∗d−1Σ2)(∗d−1Σ1)(∗Σ1)
−
q211pi
8
∫
(∗d−1Σ2)(∗d−1σ)(∗Σ1)
−
q211pi
8
∫
(∗d−1Σ2)(∗d−1Σ1)(∗σ)
−
q211pi
16
∫
(∗d−1Σ2)(∗d−1σ)(∗σ) . (71)
Here q122, q211 = 0, 4 mod 8. In fact, among the above
terms, only the second and sixth terms contribute nontrivial
mixed three-loop braiding statistics: θΣ2,Σ2;σ=0, pi mod 2pi
and θσ,σ;Σ2=0,
pi
2 mod pi. Note that these two terms are in-
variant under the attaching operation of Σ2 → e2Σ
2. Nev-
ertheless, the other terms will be shifted to zero by attach-
ing operation of Σi. First of all, the nontrivial values of
θΣ1,Σ2;Σ2 and θΣ1,Σ2;Σ1 are both pi, which can be shift to zero
by Σ2 → e1Σ
2. Secondly, we rewrite the fourth and fifth
terms as
S4 + S5 =−
q211pi
4
∫
(∗d−1Σ2)(∗d−1σ)(∗Σ1)
−
q211pi
8
∫
(∗d−1σ)(∗d−1Σ1)(∗Σ2) (72)
where we have abandoned the boundary term.
From these terms terms (72), the nontrivial θΣ2,σ;Σ1 = pi
and θΣ1,σ;Σ2 =
pi
2 , which can be shifted to zero by attaching
operation Σ1 → e1Σ
1 and Σ2 → e1Σ
2. Therefore, we
can identify these mixed three-loop braiding and three-loop
braiding data as in Table VII.
(3). G∗g = Z
′
4 × Z2
This case can be obtained by exchanging the two gauge
subgroup Z2 × Z
′
2. Therefore, the mixed three-loop braiding
and three-loop braiding in GT∗s are one-to-one correspon-
dence.
mixed three-loop θΣ2,Σ2;σ three-loop θΣ2,Σ2;Σ1
0 0
pi pi
mixed three-loop θσ,σ;Σ2 three-loop θΣ1,Σ1;Σ2
0 0
pi/2 pi/2
TABLEVII. The correspondence between mixed three-loop braiding
statistics and three-loop braiding in GT∗ of the case G∗g = Z4 × Z
′
2
for Z2 × Z
′
2 topological order and Z2 symmetry.
(4). G∗g = Z4 × Z2
TheGT∗ with thisG∗g is in the same form as that withG
∗
g =
Z4×Z
′
2, therefore, the nontrivial three-loop braiding statistics
are also
θΣ2,Σ2;Σ1 = 0, pi mod 2pi (73)
θΣ1,Σ1;Σ2 = 0,
pi
2
mod pi (74)
Now we consider the mixed three-loop braiding. To realize
this G∗g , we only need to consider two layers, and set Q11 =
1, Q12 = 1. The action now takes
S =
2
2pi
∫
b1da1 +
2
2pi
∫
b2da2
+
∫
a1 ∗ j1 + a2 ∗ j2
+
∫
b1 ∗ Σ1 + b2 ∗Σ2
+
1
2pi
∫
A(db1 + db2) + Sint . (75)
Note that there are two twisted terms,
Sint =
q122
4pi2
∫
a1a2da2 +
q211
4pi2
∫
a2a1da1 (76)
Upon integrating out b1, b2, we get a1 = −pi ∗ d−1Σ1 − pi2 ∗
d−1σ and a2 = pi ∗ d−1Σ2 − pi2 ∗ d
−1σ. By substituting them
back to Sint, we get
Sint =−
(q122 − q211)pi
16
∫
(∗d−1Σ1)(∗d−1σ)(∗σ)
−
(q211 − q122)pi
16
∫
(∗d−1Σ2)(∗d−1σ)(∗σ)
+ S′int (77)
Here q122, q211 = 0, 4, 8, 12 mod 16. Now we consider the
first two terms. It seems that θΣ1,σ;σ, θΣ2,σ;σ = 0,
pi
4 ,
pi
2 ,
3pi
4
mod pi. Nevertheless now both e1 and e2 carry one-half
symmetry charge, therefore, under the attaching operation of
Σ1 → e1Σ
1 and Σ2 → e2Σ
2, the two values pi2 and
3pi
4 will
be shifted to 0 and pi4 respectively. Therefore,
θΣ1,σ;σ = 0,
pi
4
mod
pi
2
, (78)
θΣ2,σ;σ = 0,
pi
4
mod
pi
2
.
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Now we consider the eight terms in S′int. Similarly to the
discussion in the case of G∗g = Z4 × Z
′
2, using the fact that
both e1 and e2 carry one-half symmetry charge, all the mixed
three-loop braiding and three-loop braiding will be shifted to
zero under proper attaching operations.
Therefore, we can identify these mixed three-loop braiding
and three-loop braiding data as in Table VIII.
mixed three-loop θΣ1,σ;σ three-loop θΣ2,Σ2;Σ1
0 0
pi/4 pi
mixed three-loop θΣ1,σ;σ three-loop θΣ1,Σ1;Σ2
0 0
pi/4 pi/2
TABLE VIII. The correspondence between mixed three-loop braid-
ing statistics and three-loop braiding in GT∗ of the case G∗g =
Z4 × Z2 for Z2 × Z
′
2 topological order and Z2 symmetry.
4. Trivial SET: Stacking of topological order and SPT
Since there is no nontrivial Z2 bosonic SPT in three dimen-
sion, if we stack the Z2 symmetry trivial gapped phase with
each Z2×Z2 topological order, we get a SET which does not
have any symmetry fractionalization. Therefore, such a SET
is the trivial one for each Z2 × Z2 topological order. In fact,
it corresponds to the trivial element of (Z2)
6 in the SET clas-
sification for each Z2×Z2 topological order enriched by Z2n
symmetry , as shown in Table II.
V. DISCUSSIONS
As a series work of Ref. [16], in this paper, we studied the
classification of the so-called symmetry enriched topological
order (SET) for 3D bosonic topological order [49] and dis-
crete Abelian symmetry. Many representative examples were
calculated and collected in Table I and II.
Our starting point is the symmetry enriched gauge theory
(SEG), namely the twisted gauge theory with global symme-
try. We denote the way of minimal coupling as charge matrix.
The row of the charge matrix is determined by the number
of symmetry subgroups, and the column is determined by the
number of gauge fields, including level-N and level-1 ones
(i.e., trivial layers). Since we can always add arbitrary trivial
layers, the shape of the charge matrix may change drastically.
Besides, the elements of the charge matrix can in principle
take any integers. By gauging the symmetry and performing
the basis transformation, a new gauge theory GT∗ is obtained
whose gauge group is denoted as G∗g . Physically, G
∗
g can be
determined by the fusion rules of symmetry fluxes, namely
by the symmetry charge carried by particles. Therefore, dif-
ferentG∗gs indicate different patterns of symmetry charge car-
ried by particles. On the other hand, do different patterns of
symmetry charge carried by particles indicate different G∗g?
Apparently, if two patterns can be related by adding or sub-
tracting some integer symmetry charge, they must correspond
to the same G∗g . Furthermore, if one adds some mutiples of
gcd(Ki, Nj)/Nj symmetry charge of ZKi to particles with
unit ZNj gauge charge, the resulting G
∗
g after gauging is still
invariant. Having considered the above two points, the to-
tal number of patterns of symmetry charge carried by par-
ticles becomes
∏
ij gcd(Ki, Nj). Among these patterns, if
two can be transformed into each other by charge conjuga-
tion transformation of twisted gauge theories, then they are
not independent and result in the same G∗g . Roughly speak-
ing, charge conjugation transformation is the transformation
such that ai → −ai and bi → −bi for all or some i. After
considering the charge conjugation transformation, we obtain
a subset of patterns among those
∏
ij gcd(Ki, Nj) kinds of
patterns. We regard every pattern of this subset as a different
pattern of symmetry fractionalization on particles. Therefore,
the patterns of symmetry fractionalization on particles exci-
tation are one-to-one correspondence to G∗gs. Note that the
charge conjugation transformation may change coefficients of
twisted terms; nevertheless, since the twisted terms do not af-
fect the symmetry fractionalization on particles, we can ig-
nore it when we only consider the symmetry fractionalization
on particles. On the other hand, due to the period of the coeffi-
cients of twisted terms, the charge conjugation transformation
will also not affect the classification of three loop braiding or
mixed three-loop braiding.
In this paper, we used the mixed three-loop braiding to char-
acterize the symmetry fractionalization on loops. For a given
G∗g , namely a pattern of symmetry fractionalization on parti-
cles, we found one-to-one correspondence between three-loop
braiding in GT∗ and mixed three-loop braiding in SETs with
the given symmetry fractionalization on particles. Further-
more, for a specific symmetry fractionalization on particles
(namely, for fixed G∗g), the set of patterns of symmetry frac-
tionalization on loops forms an Abelian group. Due to the
ways we couple the topological conserved current(s) to exter-
nal probe field(s), G∗gs are always Abelian. If the symmetry
fractionalization on particles is associated with Abelian G∗g ,
we dub it Abelian symmetry fractionalization. In the frame-
work we developed here, SET orders with Abelian symmetry
fractionalization (ASF) can be classified systematically. As a
future direction, it will be interesting to go beyond ASF.
Furthermore, for some topological orders, such as Z2,
Z2 × Z2 and so on, all the SETs with ASF can be realized
when Q = 1. Enlarging the symmetry charge carried by the
conserved current (2) is unable to induce any new SETs. Nev-
ertheless, for topological orders whose gauge group contains
at least one Z4 or larger cyclic gauge subgroup, the theory
with 2- or higherQ carried by the conserved current may give
rise to new phases which cannot be realized in the Q = 1
theory.
Note that here we embed every probe filed Ai of symme-
try subgroup ZKi into a U(1) Abelian gauge field, and then
higgs them so as to enforce that the Wilson loop expectation
takes values in ZKi . In this way, particles can only carry one
dimensional (linear or projective) representation of the sym-
metry. This is the reason that all gauge groupsG∗g are Abelian.
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However, for some symmetry, such as, Z2×Z2 symmetry, the
particles may carry the two dimensional projective represen-
tation of this symmetry. In order to capture this type of SET
order, we need to embed theZ2×Z2 probe field into an SO(3)
gauge field. This is left for future works.
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Appendix A: Charge conjugation transformation of twisted gauge theory
For any twisted gauge theory like
S =
1
2pi
∫ ∑
i
Nib
idai + Sint (A1)
As shown in the previous work, two twisted gauge theories are equivalent if they can be related via a basis transformation of
one form and two form gauge fields. Here we discuss a specific one:
ai → −ai, bi → −bi (A2)
which keeps theBF term bidai invariant while adding a minus sign to aada. If we minimally couple the theory to some external
probe fields, like
S =
1
2pi
∫ ∑
i
Nib
idai +
1
2pi
∫
QijA
idbj + Sint (A3)
Therefore, the theory with Qij , qaada and −Qij , −qaada is equivalent, which indicates that the minus sign of symmetry
fractional charge carried particle with gauge charge is redundant in classification.
Appendix B: A brief review on symmetry enriched gauge theory
In the previous work of ours, we have explicitly shown how to calculate the symmetry enriched gauged theories for some
fixed symmetry assignments and have considered many different ways of symmetry assignments. Here we briefly review the
calculation via a specific example.
We begin with such a action:
S = S0 + Sc
S0 =
2∑
i=1
∫
iNi
2pi
aidbi +
iq
4pi2
a1a2da2
Sc =
2∑
i=1
∫
iQi
2pi
Aidbi
(B1)
Note that bi and ai are level-Ni two form and one form gauge fields which should be quantized due to the dirac quantization
conditions:
1
2pi
∫
dbI ∈ Z , (B2)
1
2pi
∫
daI ∈ Z , (B3)
Now we consider the gauge group as ZN1 × ZN2 and symmetry group as ZK1 × ZK2 . Therefore there are two external probe
fields ai(i = 1, 2) which can be seen by the gauge current Jj which are defined as ∗Ji =
1
2pidb
i and minimal coupling constant
is Qi which can be any integer in principle.
The action S0 is invariant under the following gauge transformation:
bi → bi + dV i −
q
2piNi
χjdaj (B4)
bj → bj + dV j +
q
2piNj
χidaj (B5)
ai → ai + dχI (B6)
To be consistent with the Dirac quantization condition, we have to enforce the quantization of q to the multiple ofN1 andN2
and therefore the multiple of the least common divisor of them, saying, N1N2N12 where N12 is the greatest common divisor of N1
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and N2. However, if we insert the external probe fields, we also need to have the minimal coupling terms to be invariant up to
the multiple of 2pi under these gauge transformations which again put the following constraints on the quantization of q:
qQ1
N1K1
∈ Z (B7)
qQ2
N2K2
∈ Z (B8)
(B9)
Combined all these constraints together, we have the quantization of q as therefore
q = k ∗ LCM, k ∈ Z (B10)
where
LCM = lcm(N1, N2,
N1K1
gcd(Q1, N1K1)
,
N2K2
gcd(Q2, N2K2)
, ) (B11)
To remove the redundancy of k, we do the following shift operation
1
2pi
∫
db1→
1
2pi
∫
db1 −
K˜1LCM
4pi2N1
∫
a2da2
1
2pi
∫
db2→
1
2pi
∫
db2 +
K˜2LCM
4pi2N2
∫
a1da2
k→ k + K˜1 + K˜2 (B12)
where K˜1 and K˜2 is some integer. S0 is invariant under this shift operation up to some multiple of 2pi. The Dirac quantization
condition may impose some constraints on the values of K˜i, however, the invariance of the coupling terms may impose some
more stronger constraints, that is
1
2pi
∫
a1Q1∆db
1 = −2pi
Q1k1
K1
K˜1LCM
N1
k2Q2
N2K2
∈ 2piZ
1
2pi
∫
a2Q2∆db2 = 2pi
Q2k˜2
K2
K˜2LCM
N2
k˜1Q1
N1K1
∈ 2piZ
where∆dbi means the difference of dbi before and after shift and ki, k˜i are arbitrary integer. Therefore K˜1,2 should be multiple
of N1N2K1K2GCD(N1N2K1K2,Q1Q2LCM) , which is the minimal period of k in (B10).
Note that these procedures can be easily generalize to the most general minimal coupling terms, saying Qija
idbj and also to
the case with twisted terms like a1a2da3.
Appendix C: Z2 gauge theory enriched by Abelian symmetries
The Z2 topological order can be described by the topological BF field theory with Z2 gauge group. Now the topological
topological conserved current(s) minimally couples the external probe field(s) related to the
∏
i ZKi symmetry. Therefore, the
effective action becomes
S = S0 + Slevel-one + Sc + Sint (C1)
S0 =
N
2pi
∫
b1da1 (C2)
Slevel-one =
1
2pi
∫ m∑
i=2
bidai (C3)
Sc =
∫ k∑
i=1
m∑
j=1
QijA
idbj (C4)
Sint =
q133
4pi2
∫
a1a3da3 +
q123
4pi2
∫
a1a2da3
+
q433
4pi2
∫
a4a3da3 + ... (C5)
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If all Qij ≡ 0, saying, we turn off the symmetry or saying we do not consider any symmetry, then the quantization values of
those coefficients in Sint is equivalent to zero and therefore the topological properties of this theory is only determined by S0.
However, if not, the quantization of those coefficients may not be equivalent to zero, which might contribute to some different
topological properties. Below, we consider two kinds of symmetry ZK and ZK1 × ZK2 and also varies choices of Qij and
twisted terms in Sint.
1. ZK symmetry
a. Symmetry fractionalization on particle
We begin with the action (C1) and N = 2,K1 = K , Ki = 1 for all i > 1, therefore there is only one external probe field a
1.
There is only one nontrivial type of gauge charge excitation current, namely the Z2 gauge current. Turning on the gauge charge
current, we get
S′ =
2
2pi
∫
b1da1 +
1
2pi
∫ m∑
i=2
bidai +
∫ m∑
j=1
Q1jA
1dbj + a1 ∗ j1 +
m∑
i=2
ai ∗ ji... (C6)
where jµ1 is the Z2 gauge currents which can be seen by the one form Z2 gauge field a and j
µ
i (i 6= 1) are the gauge
current corresponding to those one form gauge field ai. Integrate out bj(j=1,2,...,m), we can get that a1 = −Q112 A
1 and
aj = −Q1jA
1(j = 2, 3, ...m) which can be substituted back to the action to get that
iSeff =
Q11
2
∫
A1 ∗ j1 +
m∑
k=2
Q1k
∫
A1 ∗ jk (C7)
Therefore the Z2 gauge charge excitation can carry integer or half integer symmetry charge of the ZK symmetry depending
on the parity of Q11 while other level-one gauge charge excitation which is in fact trivial topological excitation can only carry
integer symmetry charge. Then since we can always add trivial topological excitation to the nontrivial topological excitation
which would not change the property of nontrivial topological excitation, we only need to consider two cases that Z2 gauge
charge excitation carries one-half and one symmetry charge.
If the Z2 gauge charge excitation carries one-half symmetry charge, then braiding a Z2 gauge charge around two symmetry
flux Ωg1 and Ωg2 with g1g2 = 1 results in a pi phase factor, which indicates the fusion rule of symmetry flux as Ωg1 ×Ωg2 ∼ m,
therefore after gauging this means the gauge group is Z2K . If the Z2 gauge charge excitation carries one symmetry charge, then
braiding a Z2 gauge charge around two symmetry flux Ωg1 and Ωg2 with g1g2 = 1 results in a pi phase factor, which indicates
the fusion rule of symmetry flux as Ωg1 × Ωg2 ∼ 1, therefore after gauging this means the gauge group is Z2 × ZK . For odd
K , since Z2K ∼ Z2 × ZK , the two symmetry fractionalization is equivalent, while for evenK , they are not equivalent. This is
consistent to the fact that if Q11 = Q
′
11 + n gcd(2,K) where |Q
′
11| < gcd(2,K), onlyQ
′
11 will determine the gauge group G
∗
g ,
as see below.
b. Gauging
Then we gauge the ZK symmetry, and then formulate in the form as (11) whose integer matrixW are
W =


K 0 0 0 0 · · · 0
Q1 2 0 0 0 · · · 0
Q2 0 1 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


(C8)
As stated in main text, we can first perform a transformation V0
W1 =WV0 =


K 0 0 0 0 · · · 0
Q1 2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C9)
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where
V0 =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


. (C10)
Therefore, the G∗g depends on the values of Q1 and we will show that there are two different cases depending on the parity of
Q1.
(1). Q1 = 2n+ 1, we can perform further transformation to diagonalizeW1:
Wd = UW1V
′ =


2K 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C11)
where
U =


1 −K 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′ =


2 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C12)
Therefore the G∗g = Z2K for this case andWd = UWV where
V = V0V
′ =


2 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−2Q2 −Q2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1


(C13)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−2Q2 −Q2 1 0 0 · · · 0
−2Q3 −Q2 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜1
−Q1A˜
1 − na˜1
−2Q2A˜
1 −Q2a˜
1 + a˜2
−2Q3A˜
1 −Q3a˜
1 + a˜3
−2Q4A˜
1 −Q4a˜
1 + a˜4
· · ·
−2QnA˜
1 −Qna˜
1 + a˜n


(C14)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-2K while all a˜i is level-one, therefore any new
twisted term involving a˜i would be equivalent to be trivial. It is easy to see that by substituting (E17) in Sint, all the twisted
terms involve at least one a˜i, therefore there is no nontrivial twisted term, indicating there is no three loop braiding for the GT
∗.
(2). Q1 = 2n, we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


K 0 0 0 0 · · · 0
0 2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C15)
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where
V ′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C16)
Therefore, G∗g = ZK × Z2 andWd =WV where
V = V0V
′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


(C17)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
−nA˜1 + a˜1
−Q2A˜
1 + a˜2
−Q3A˜
1 + a˜3
−Q4A˜
1 + a˜4
· · ·
−QnA˜
1 + a˜n


(C18)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-K while all a˜1 is level-two and other a˜i are
level-one. In principle, there are two new twisted terms: q˜A˜1a˜1da˜1 and q˜′a˜1A˜1dA˜1, and their anomaly-free coefficients are 0,K
mod 2K . What we need to check now is whether charge matrices can realized the coefficients q˜, q˜′ = K mod 2K , and if so,
what they are. In fact, there are many ways to realize it, one example is as seen in Table XV.
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122a˜
1A˜1dA˜1 kK k ∈ Zgcd(2,K) Q2 = 1
q211a
2a1da1 q211A˜
1a˜1da˜1 kK k ∈ Zgcd(2,K) Q2 = 1
TABLE IX. The twisted terms we consider in S′int and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E21 in to the original twisted terms.
The quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent
quantization of new twisted terms in GT∗. All Qi = 0 for i 6= 2.
IfK is odd, the quantization coefficients of the new twisted terms can only take 0mod 1, which indicates they are topologically
trivial. This consistent with the fact that Z2K ≃ Z2 × ZK .
If K is even, the quantization coefficients of the new twisted terms can only take 0, 1 mod 2. Therefore, there are some
nontrivial twisted terms, namely there are Z2 × Z2 kinds of different GT
∗ with G∗g = Z2 × ZK .
In summary, the classification of GT∗(SET) (1) for oddK is Z1, (2) for evenK is Z1 ⊕ Z2 × Z2.
2. ZK1 × ZK2 symmetry
a. Symmetry fractionalization on gauge charge
We begin with the action (C1) and let N = 2 andKi = 1 for all i > 2, therefore there are two external probe field a
1 and a2.
There is only one nontrivial type of gauge charge excitation current, namely the Z2 gauge current. Turning one the gauge charge
current, we get
S′ =
N
2pi
∫
b1da1 +
1
2pi
∫ m∑
i=2
bidai +
1
2pi
∫ 2∑
i=1
m∑
j=1
QijA
idbj +
∫
a1 ∗ j1 +
m∑
i=3
ai ∗ ji... (C19)
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where jµ1 is the Z2 gauge currents which can be seen by the one form Z2 gauge field a
1 and jµi (i 6= 1) are the gauge current
corresponding to those one form gauge field ai. Integrate out bj(j=1,2,...,m), we can get that a1 = −Q112 A
1 − Q212 A
2 and
aj = −Q1jA
1 −Q2jA
2(j = 2, 3, ...m) which can be substituted back to the action to get that
Seff = −
∫
(
Q11
2
A1 +
Q21
2
A1) ∗ j1 −
∫ m∑
k=2
(Q1kA
1+Q2kA
2) ∗ jk (C20)
Therefore the Z2 gauge charge excitation can carry integer or half integer symmetry charge of the ZK1 and ZK2 symmetry
subgroup depending on the parity of Q11 and Q21 while other level-one gauge charge excitations which are in fact trivial
topological excitation s can only carry integer symmetry charge.
TheZ2 gauge charge excitation can carry four different patterns of symmetry fractionalization: (integer, integer), (half-integer,
integer), (integer, half-integer) and (half-integer, half-integer) charge of (ZK1 , ZK2 ) symmetry, which indicate the fusion rules
of two symmetry flux Ωg1 and Ωh1 (g1h1 = 11) and the two symmetry flux Ωg2 and Ωh2(g2h2 = 12) as Ωg1 × Ωh1 ∼ 1 and
Ωg2×Ωh2 ∼ 1,Ωg1×Ωh1 ∼ m andΩg2×Ωh2 ∼ 1,Ωg1×Ωh1 ∼ 1 andΩg2×Ωh2 ∼ m andΩg1×Ωh1 ∼ m andΩg2×Ωh2 ∼ m.
The first three fusion rules indicate the resultant gauging group, namelyG∗g are Z2×ZK1 ×ZK2 , Z2K1 ×ZK2 and ZK1 ×Z2K2
respectively. The G∗g for the last fusion rule is not obvious, but can be seen as below, which in fact is Z2K1K2/K12 × ZK12 with
K12 as the greatest common divisor ofK1 andK2.
Now we discuss the equivalence classes of symmetry fractionalization depending on the parity ofK1 andK2.
(1)K1 = 2n+ 1,K2 = 2m+ 1
All the G∗gs are isomorphic to Z2K1K2/K12 × ZK12 , therefore, there is only one nontrivial symmetry fractionalization.
(2)K1 = 2n,K2 = 2m+ 1
Z2K1 × ZK2 isomorphic to Z2K1K2/K12 × ZK12 , and ZK1 × Z2K2 isomorphic to Z2 × ZK1 × ZK2 , therefore, there are two
types of nontrivial symmetry fractionalization.
(2)K1 = 2n+ 1,K2 = 2m
ZK1 × Z2K2 isomorphic to Z2K1K2/K12 × ZK12 , and Z2K1 × ZK2 isomorphic to Z2 × ZK1 × ZK2 , therefore, there are two
types of nontrivial symmetry fractionalization.
(2)K1 = 2n,K2 = 2m
All G∗g are not isomorphic, therefore, there four types of nontrivial symmetry fractionalization.
b. Gauging
From the action (C1), for consider the ZK1 × ZK2 symmetry, we choose
W =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
Q11 Q21 2 0 0 · · · 0
Q12 Q22 0 1 0 · · · 0
Q13 Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Q1n Q2n 0 0 0 · · · 1


As stated in main text, we can first perform a transformation V0
W1 =WV0 =


K1 0 0 0 0 · · · 0
K2 0 0 0 · · · 0
Q11 Q21 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C21)
where
V0 =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
−Q13 −Q23 0 1 0 · · · 0
−Q14 −Q24 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1


. (C22)
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Therefore, the G∗g for this case depends on the values of Q11 and Q21 and we will show that there are four different cases
depending on the parity of Q11 andQ21.
(1). Q11 = 2n1, Q21 = 2n2, we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
0 0 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C23)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C24)
Therefore the G∗g = ZK1 × ZK2 × Z2 for this case andWd =WV where
V = V0V
′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
−Q12 −Q22 0 1 0 · · · 0
−Q13 −Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1


(C25)
For thisG∗g , there are in principle eight kinds of different twisted terms: A˜
1A˜2dA˜2, A˜2A˜1dA˜1, A˜ia˜
1da˜1, a˜1A˜idA˜i, A˜
1A˜2da˜1,
A˜1a˜1dA˜2 whose allowed quantization values can be determined: kK1K2K12 , k ∈ ZK12 for the first two, k
2Ki
gcd(2,Ki
), k ∈ Zgcd(2,Ki)
for the second two, kK1K2K12 , k ∈ Zgcd(2,K12) for the five, and k
2K1
gcd(2,K1)
, k ∈ Zgcd(2,K12) for the last one. Every choice of
these allowed quantization coefficients of these new twisted terms can determine an inequivalent gauge theory with gauge group
ZK1 × ZK2 × Z2. All we need to determine now is which of the gauge theories listed above can be reached, or saying, how
many inequivalent GT∗ with G∗g = ZK1 × ZK2 × Z2 can be realized, by considering all possible charge matrices. To see this,
we first perform the transformation on one form gauge fields:


A1
A2
a1
a2
a3
· · ·
an


=


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
−Q12 −Q22 0 1 0 · · · 0
−Q13 −Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
A˜2
−n11A˜
1 − n21A˜
2 + a˜1
−Q12A˜
1 −Q22A˜
2 + a˜2
−Q13A˜
1 −Q23A˜
2 + a˜3
· · ·
−Q1nA˜
1 −Q2nA˜
2 + a˜n


(C26)
As shown in Table XVI, we discussed one typical choice of charge matrix: Q12 = Q23 = 1 and all other Qij = 0, and
by choosing different twisted terms(eight kinds in below table) in Sint in C1, we can realize all possible gauge theories with
such a gauge group. Therefore the classification of GT∗ with G∗g = ZK1 × ZK2 × Z2 is (Zgcd(2,K1))
2 × (Zgcd(2,K2))
2 ×
(ZK12)
2 × (Zgcd(2,K12))
2. Note that if K1 is odd, then gcd(2,K1) = 1, the classification reduce to (Zgcd(2,K2))
2 × (ZK12)
2.
This is consistent with the fact that the gauge group ZK1 × ZK2 × Z2 is isomorphic to Z2K1 × ZK2 and gcd(2K1,K2)
2 =
gcd(2,K2)
2 ×K212 for odd K1. Similar observation of other cases(odd K2, and both K1,2 odd) can be gotten. Note that it is
possible that other choices of charge matrices can lead to such conclusion which can easily follow the same procedures we took
here to see.
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original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122a˜
1A˜1dA˜1 k 2K1
gcd(2,K1)
k ∈ Zgcd(2,K1) Q12 = Q23 = 1
q211a
2a1da1 q211A˜
1a˜1da˜1 k 2K1
gcd(2,K1)
k ∈ Zgcd(2,K1) Q12 = Q23 = 1
q133a
1a3da3 q133a˜
1A˜2dA˜2 k 2K2
gcd(2,K2)
k ∈ Zgcd(2,K2) Q12 = Q23 = 1
q311a
3a1da1 q311A˜
2a˜1da˜1 k 2K2
gcd(2,K2)
k ∈ Zgcd(2,K2) Q12 = Q23 = 1
q233a
2a3da3 q233A˜
1A˜2dA˜2 kK1K2
K12
k ∈ ZK12 Q12 = Q23 = 1
q322a
3a2da2 q322A˜
2A˜1dA˜1 kK1K2
K12
k ∈ ZK12 Q12 = Q23 = 1
q123a
1a2da3 q123a˜
1A˜1dA˜ k 2K1
gcd(2,K1)
k ∈ Zgcd(2,K12) Q12 = Q23 = 1
q132a
1a3da2 q132a˜
1A˜2dA˜1 k 2K2
gcd(2,K2)
k ∈ Zgcd(2,K12) Q12 = Q23 = 1
TABLE X. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG theory,
while the new twisted terms are those nontrivial ones inherited by substituting the expression E21 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z2 which contribute that classification in the main text. Note that here we assume K is even. All
other Qij = 0.
(2). Q11 = 2n1 + 1, Q21 = 2n2, we can perform further transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
1 0 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C27)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C28)
Further, we can perform another transformation to get the diagonal formWd:
Wd = UW
′
dV
′′ =


2K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C29)
where
U =


1 0 −K1 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


2 0 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C30)
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Therefore,
V = V0V
′V ′′ =


2 0 −1 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q11 −n21 −n11 0 0 · · · 0
−2Q12 −Q22 −Q12 1 0 · · · 0
−2Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Q1n −Q2n −Q1n 0 0 · · · 1


. (C31)
For this gauge group, there are in principle two kinds of different twisted terms: A˜1A˜2dA˜2, A˜2A˜1dA˜1, whose allowed
quantization values can be determined: q, q¯ = k 2K1K2gcd(2K1,K2) , k ∈ Zgcd(2K1,K2). Now we want to determine that which choice
q, q¯ can be reached by some charge matrix, or saying, by which GT∗ with G∗g = Z2K1 × ZK2 . In fact, we can show that every
choice of q, q¯ can be reached by some choice of charge matrix, or, saying, there are Zgcd(2K1,K2) × Zgcd(2K1,K2) kinds of
inequivalent GT∗ with G∗g = Z2K1 × ZK2 . To see this, we can first perform the transformation on one form gauge fields:


A1
A2
a1
a2
a3
· · ·
an


=


2 0 −1 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q11 −n21 −n11 0 0 · · · 0
−2Q12 −Q22 −Q12 1 0 · · · 0
−2Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Q1n −Q2n −Q1n 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 − a˜1
A˜2
−Q11A˜
1 − n21A˜
2 − n11a˜
1
−2Q12A˜
1 −Q22A˜
2 −Q12a˜
1 + a˜2
−2Q13A˜
1 −Q23A˜
2 −Q13a˜
1 + a˜3
· · ·
−2Q1nA˜
1 −Q2nA˜
2 −Q1na˜
1 + a˜n


(C32)
As shown in Table XI, we discussed one typical choice of charge matrix: Q11 = Q22 = 1 and all other Qij = 0, and by
choosing different twisted terms(eight kinds in below table) in Sint in C1, we can realize all possible gauge theory with such a
gauge group. Therefore, the classification is Zgcd(2K1,K2) × Zgcd(2K1,K2).
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122A˜
1A˜2dA˜2 k 2K1K2
gcd(2K1,K2)
k ∈ Zgcd(2K1,K2) Q11 = Q22 = −1
q211a
2a1da1 q211A˜
2A˜1dA˜1 k 2K1K2
gcd(2K2,K2)
k ∈ Zgcd(2K1,K2) Q11 = Q22 = −1
TABLE XI. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG theory,
while the new twisted terms are those nontrivial ones inherited by substituting the expression C32 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z2 which contribute that classification in the main text. Note that here we assume K is even. All
other Qij = 0.
(3). Q11 = 2n1, Q21 = 2n2 + 1, this case can be related to exchangeK1 andK2.
(4). Q11 = 2n1 + 1, Q21 = 2n2 + 1, we can perform further transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
1 1 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C33)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C34)
Further, we can perform another transformation to get the diagonal formWd:
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Wd = UW
′
dV
′′ =


2K1K2
K12
0 0 0 0 · · · 0
0 K12 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(C35)
where
V ′′ =


2−∆ −1 1 0 0 · · · 0
∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (C36)
and∆ are determined byK1 andK2. Therefore the transformation on one form gauge field is
V = V0V
′V ′′ =


2−∆ −1 1 0 0 · · · 0
∆ 1 0 0 0 · · · 0
−1 + (∆− 2)n11 n11 − n21 −n11 0 0 · · · 0
(∆− 2)Q12 −∆Q22 Q21 −Q22 −Q12 1 0 · · · 0
(∆− 2)Q13 −∆Q23 Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
(∆− 2)Q1n −∆Q2n Q1n −Q2n −Q1n 0 1 · · · 0


(C37)
namely,


A1
A2
a1
a2
a3
· · ·
an


=


(2−∆)A˜1 − A˜1 + a˜1
∆A˜1 + A˜2
((∆− 2)n11 − 1)A˜
1 + (n11 − n21)A˜
2 − n11a˜
1
((∆− 2)Q12 −∆Q22)A˜
1 + (Q12 −Q22)A˜
2 −Q12a˜
1 + a˜2
((∆− 2)Q13 −∆Q23)A˜
1 + (Q13 −Q23)A˜
2 −Q13a˜
1 + a˜2
· · ·
((∆− 2)Q1n −∆Q2n)A˜
1 + (Q1n −Q2n)A˜
2 −Q1na˜
1 + a˜2


(C38)
For this gauge group, there are in principle two kinds of different twisted terms: A˜1A˜2dA˜2, a˜2A˜1dA˜1 whose coefficients
are determined by q, q¯ = k 2K1K2K12 , k ∈ ZK12 . We can show that all the different choices of q, q¯ can be reached by some
choice of charge matrix. Namely, there are ZK12 × ZK12 kinds of different GT
∗ with G∗g = Z2K1K2/K12 × ZK12 . There are
many choices of charge matrices can realized all the inequivalent GT∗, for convenience, below we illustrate it by one example
Q11 = Q22 = Q23 = −1, and all other Qij = 0, as see in Table XII. For every choice of q, q¯ of the gauge theory with gauge
group Z2K1K2K12 × ZK12 , we can choose the charge matrix mentioned above and q211 = q¯ and q311 = q122 = q in Sint in C1,
and after gauging, the GT∗ are exactly that theory. Therefore all inequivalent GT∗ with G∗g = Z2K1K2/K12 × ZK12 , namely the
SETs related to such a symmetry fractionalization pattern that gauge charge carries both half-integer ZK1 and ZK2 symmetry
subgroup charge, are classified by ZK12 × ZK12 .
Appendix D: Z3 gauge theory enriched by ZK symmetry
The effective action of Z3 gauge theory enriched by Abelian symmetries can be taken to be the one as (C1) where we set
N = 3. There are three kinds of particles with zero, one, two units gauge charge, which we denote them as 1, e[1], e[2]. There
are also four kinds of flux loops with flux k 2pi3 , k = 0, 1, 2 mod 3, which we denote them as 1,m[1],m[2].
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original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211A˜
2A˜1dA˜1 k 2K1K2
K12
k ∈ ZK12 Q11, Q21, Q22, Q23 = −1
q311a
3a1da1 q311A˜
2A˜1dA˜1 k 2K1K2
K12
k ∈ ZK12 Q11, Q21, Q22, Q23 = −1
q122a
1a2da2 q122A˜
1A˜2dA˜2−∆q122A˜
2A˜1dA˜1 k 2K1K2
K12
k ∈ ZK12 Q11, Q21, Q22, Q23 = −1
TABLE XII. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression C32 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z2 which contribute that classification in the main text. Note that here we assume K is even. All
other Qij = 0.
1. Symmetry fractionalization on gauge charge
We begin with the action (C1) and let N = 3 and K1 = K , Ki = 1 for all i > 1, therefore there is only one external probe
field A1. There is only one nontrivial type of gauge charge excitation current, namely the Z3 gauge current. Turning one the
gauge charge current, we get
S′ =
N
2pi
∫
b1da1 +
1
2pi
∫ m∑
i=2
bidai +
∫ m∑
j=1
Q1jA
1dbj + a1 ∗ j1 +
m∑
i=2
ai ∗ ji... (D1)
where jµ1 is the Z3 gauge current which can be seen by the one form Z3 gauge field a
1 and jµi (i 6= 1) are the gauge
current corresponding to those one form gauge field ai. Integrate out bj(j=1,2,...,m), we can get that a1 = −Q113 A
1 and
aj = −Q1jA
1(j = 2, 3, ...m) which can be substituted back to the action to get that
Seff = −
Q11
3
∫
A1 ∗ j1 −
m∑
k=2
Q1k
∫
A1 ∗ jk (D2)
Therefore there may be three kinds of symmetry fractionalization patterns on particles with unit Z3 gauge charge: it can carry
(1) 13 , (2)−
1
3 , (3) 1 (up to some integer unit) symmetry charge of the ZK symmetry dependingQ11 while other level-one gauge
charge excitations can only carry integer symmetry charge. Now we discuss the equivalence classes of symmetry fractionaliza-
tion on particles. If Q11 = 1, then the process that particle with unit gauge charge braids around two symmetry flux Ωg and Ωh
with gh = 1 will result in a phase 2pi/3, which indicates the fusion rule Ωg × Ωh ∼ m[1] and further indicates the G
∗
g = Z3K .
Via the charge conjugation transformation, the case with Q11 = −1 can be mapped the case Q11 = 1. If Q11 = 0 mod 3,
Ωg × Ωh ∼ 1, indicating that G
∗
g = Z3 × ZK . Further more, if K 6= 3n, then Z3K is isomorphic to Z3 × ZK , however, if
K = 3n, they are not isomorphic. Therefore, ifK 6= 3n, there is only symmetry fractionalization on particle, while if K = 3n,
there are two symmetry fractionalization on particles.
2. Gauging
We begin with the action (C1) and let N = 3 and K1 = K , Ki = 1 for all i > 1, therefore there is only one external probe
field. Then we gauge the ZK symmetry, and then formulate in the form as (11) whose integer matrixW are
W =


K 0 0 0 0 · · · 0
Q1 3 0 0 0 · · · 0
Q2 0 1 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


(D3)
As stated in main text, we can first perform a transformation V0
W1 =WV0 =


K 0 0 0 0 · · · 0
Q1 3 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(D4)
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where
V0 =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


. (D5)
Therefore, the G∗g depends on the values ofQ1 and we will show that there are four different cases depending on the values of
Q1 mod 4.
(1). Q1 = 3n+ 1, we can perform further transformation to diagonalizeW1:
Wd = UW1V
′ =


3K 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(D6)
where
U =


1 −K 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′ =


3 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (D7)
Therefore the G∗g = Z3K for this case andWd = UWV where
V = V0V
′ =


3 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−3Q2 −Q2 1 0 0 · · · 0
−3Q3 −Q3 0 1 0 · · · 0
−3Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−3Qn −Qn 0 0 0 · · · 1


(D8)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


3 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−3Q2 −Q2 1 0 0 · · · 0
−3Q3 −Q3 0 1 0 · · · 0
−3Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−3Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


3A˜1 + a˜1
−Q1A˜
1 − na˜1
−3Q2A˜
1 −Q2a˜
1 + a˜2
−3Q3A˜
1 −Q3a˜
1 + a˜3
−3Q4A˜
1 −Q4a˜
1 + a˜4
· · ·
−3QnA˜
1 −Qna˜
1 + a˜n


(D9)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-3K while all a˜i is level-one, therefore any new
twisted term involving a˜i would be equivalent to be trivial. It is easy to see that by substituting (D9) in Sint, all the twisted terms
involve at least one a˜i, therefore there is non nontrivial twisted term, indicating there is no three loop or four loop braiding for
the GT∗.
(3) Q11 = 3n− 1We can get the same result just using the charge conjugation transformation.
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(4). Q1 = 3n, we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


K 0 0 0 0 · · · 0
0 3 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(D10)
where
V ′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (D11)
Therefore, G∗g = ZK × Z3 andWd =WV where
V = V0V
′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


(D12)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
−nA˜1 + a˜1
−Q2A˜
1 + a˜2
−Q3A˜
1 + a˜3
−Q4A˜
1 + a˜4
· · ·
−QnA˜
1 + a˜n


(D13)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-K while all a˜1 is level-two and other a˜i are
level-one. In principle, there are two new twisted terms: q˜A˜1a˜1da˜1 and q˜′a˜1A˜1dA˜1, and their anomaly-free coefficients are
k3K/ gcd(3,K) mod 3K where k ∈ Zgcd(3,K). What we need to check now is whether charge matrices can realized the
coefficients q˜, q˜′ = K, 2K mod 3K , and if so, what they are. In fact, there are many ways to realize it, one example is as seen
in Table XIII. We choose this realization as one typical charge matrix listed in charge matrix in the main text.
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122a˜
1A˜1dA˜1 k3K/ gcd(3, K) k ∈ Zgcd(3,K) Q2 = 1
q211a
2a1da1 q211A˜
1a˜1da˜1 k3K/ gcd(3, K) k ∈ Zgcd(3,K) Q2 = 1
TABLE XIII. The twisted terms we consider in S′int and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E21 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Zgcd(3,K) which contribute that classification in the main text. Note that here we assume K is even.
All Qi = 0 for i 6= 2.
Appendix E: Z4 gauge theory enriched by Abelian symmetries
The effective action of Z4 gauge theory enriched by Abelian symmetries can be taken to be the one as (C1) where we set
N = 4. There are four kinds of particles with zero, one, two, three units gauge charge, which we denote them as 1, e[1], e[2],
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e[3]. There are also four kinds of flux loops with flux k
2pi
4 , k = 0, 1, 2, 3 mod 4, which we denote them as 1,m[1],m[2],m[3].
1. ZK symmetry
a. Symmetry fractionalization on gauge charge
We begin with the action (C1) and let N = 4 and K1 = K , Ki = 1 for all i > 1, therefore there is only one external probe
field A1. There is only one nontrivial type of gauge charge excitation current, namely the Z4 gauge current. Turning one the
gauge charge current, we get
S′ =
N
2pi
∫
b1da1 +
1
2pi
∫ m∑
i=2
bidai +
∫ m∑
j=1
Q1jA
1dbj + a1 ∗ j1 +
m∑
i=2
ai ∗ ji... (E1)
where jµ1 is the Z4 gauge current which can be seen by the one form Z4 gauge field a
1 and jµi (i 6= 1) are the gauge
current corresponding to those one form gauge field ai. Integrate out bj(j=1,2,...,m), we can get that a1 = −Q114 A
1 and
aj = −Q1jA
1(j = 2, 3, ...m) which can be substituted back to the action to get that
Seff = −
Q11
4
∫
A1 ∗ j1 −
m∑
k=2
Q1k
∫
A1 ∗ jk (E2)
Therefore there may be four kinds of symmetry fractionalization patterns on particle with unit Z4 gauge charge: it can carry (1)
1
4 , (2)
1
2 , (3)
3
4 or−
1
4 , (4) 1 (up to some integer unit) symmetry charge of the ZK symmetry dependingQ11 while other level-one
gauge charge excitations which is in fact trivial topological excitation can only carry integer symmetry charge.
IfQ11 = 1, then the process that braids the particle with unit gauge charge around two symmetry fluxΩg andΩh with gh = 1
results in a phase factor pi/2, which indicates the fusion rule Ωg × Ωh ∼ m[1] and then indicates G
∗
g = Z4K . If Q11 = 2,
then the process that braids the particle with unit gauge charge around two symmetry flux Ωg and Ωh with gh = 1 results in
a phase factor pi, which indicates the fusion rule Ωg × Ωh ∼ m[2] and then indicates G
∗
g = Z2K × Z2. If Q11 = −1, we can
see the G∗g = Z4K just using the charge conjugation transformation. If Q11 = 0, the process that braids the particle with unit
gauge charge around two symmetry flux Ωg and Ωh with gh = 1 results in a phase factor 2pi, which indicates the fusion rule
Ωg × Ωh ∼ 1 and then indicates G
∗
g = Z4 × ZK .
Now we discuss the equivalence class of symmetry fractionalization on particles. IfK = 2n+1, then all the threeG∗gs above
are isomorphic. IfK = 4n+ 2, then Z4 ×ZK is isomorphic to Z4 ×ZK , but not to Z4K . IfK = 4n, all these threeG
∗
g are not
isomorphic. Therefore, if K = 2n+ 1, 4n+ 2 or 4n, there is one, two , three different symmetry fractionalization patterns on
particles.
b. Gauging
We begin with the action (C1) and let N = 4 and K1 = K , Ki = 1 for all i > 1, therefore there is only one external probe
field. Then we gauge the ZK symmetry, and then formulate in the form as (11) whose integer matrixW are
W =


K 0 0 0 0 · · · 0
Q1 4 0 0 0 · · · 0
Q2 0 1 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


(E3)
As stated in main text, we can first perform a transformation V0
W1 =WV0 =


K 0 0 0 0 · · · 0
Q1 4 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E4)
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where
V0 =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


. (E5)
Therefore, the G∗g depends on the values ofQ1 and we will show that there are four different cases depending on the values of
Q1 mod 4.
(1). Q1 = 4n+ 1, we can perform further transformation to diagonalizeW1:
Wd = UW1V
′ =


4K 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E6)
where
U =


1 −K 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′ =


4 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E7)
Therefore the G∗g = Z4K for this case andWd = UWV where
V = V0V
′ =


4 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−4Q2 −Q2 1 0 0 · · · 0
−4Q3 −Q3 0 1 0 · · · 0
−4Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn −Qn 0 0 0 · · · 1


(E8)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


4 1 0 0 0 · · · 0
−Q1 −n 0 0 0 · · · 0
−4Q2 −Q2 1 0 0 · · · 0
−4Q3 −Q3 0 1 0 · · · 0
−4Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


4A˜1 + a˜1
−Q1A˜
1 − na˜1
−4Q2A˜
1 −Q2a˜
1 + a˜2
−4Q3A˜
1 −Q3a˜
1 + a˜3
−4Q4A˜
1 −Q4a˜
1 + a˜4
· · ·
−4QnA˜
1 −Qna˜
1 + a˜n


(E9)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-4K while all a˜i is level-one, therefore any new
twisted term involving a˜i would be equivalent to be trivial. It is easy to see that by substituting (E9) in Sint, all the twisted terms
involve at least one a˜i, therefore there is non nontrivial twisted term, indicating there is no three loop or four loop braiding for
the GT∗.
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(2). Q1 = 4n+ 2, ifK is even, then we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


2K 0 0 0 0 · · · 0
0 2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E10)
where
V ′ =


2 1 0 0 0 · · · 0
−2n− 1 −n 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E11)
Therefore, G∗g = Z2K × Z2 andWd =WV where
V = V0V
′ =


2 1 0 0 0 · · · 0
−2n− 1 −n 0 0 0 · · · 0
−2Q2 −Q2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1


(E12)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−2n− 1 −n 0 0 0 · · · 0
−2Q2 −Q2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜1
−Q1/2A˜
1 − na˜1
−2Q2A˜
1 −Q2a˜
1 + a˜2
−2Q3A˜
1 −Q3a˜
1 + a˜3
−2Q4A˜
1 −Q4a˜
1 + a˜4
· · ·
−2QnA˜
1 −Qna˜
1 + a˜n


(E13)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-2K while all a˜1 is level-two and other a˜i are
level-one. In principle, there are two new twisted terms: q˜A˜1a˜1da˜1 and q˜′a˜1A˜1dA˜1, and their anomaly-free coefficients are
0, 2K mod 4K . What we need to check now is whether charge matrices can realized the coefficients q˜, q˜′ = 2K mod 2K , and
if so, what they are. In fact, there are many ways to realize it, one example is as seen in Table XIV. We choose this realization
as one typical charge matrix listed in charge matrix in the main text.
original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211a˜
1A˜1dA˜1 k2K k ∈ Z2 Q1 = 2, Q2 = 1
q122a
1a2da2 q122a˜
1A˜1dA˜1 k2K k ∈ Z2 Q1 = 2, Q2 = 1
TABLE XIV. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E21 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z2 which contribute that classification in the main text. Note that here we assume K is even. All
Qi = 0 for i 6= 1, 2.
IfK is odd, then the G∗g = Z4K , therefore, there is only one GT
∗ for Q1 = 2n+ 2.
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(3). Q1 = 4n+ 3 = 4(n+ 1)− 1, we can perform further transformation to diagonalizeW1:
Wd = UW1V
′ =


4K 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E14)
where
U =


1 K 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′ =


4 −1 0 0 0 · · · 0
−Q1 n+ 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E15)
Therefore the G∗g = Z4K for this case andWd = UWV where
V = V0V
′ =


4 −1 0 0 0 · · · 0
−Q1 n+ 1 0 0 0 · · · 0
−4Q2 Q2 1 0 0 · · · 0
−4Q3 Q3 0 1 0 · · · 0
−4Q4 Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn Qn 0 0 0 · · · 1


(E16)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


4 −1 0 0 0 · · · 0
−Q1 n+ 1 0 0 0 · · · 0
−4Q2 Q2 1 0 0 · · · 0
−4Q3 Q3 0 1 0 · · · 0
−4Q4 Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


4A˜1 − a˜1
−Q1A˜
1 + (n+ 1)a˜1
−4Q2A˜
1 +Q2a˜
1 + a˜2
−4Q3A˜
1 +Q3a˜
1 + a˜3
−4Q4A˜
1 +Q4a˜
1 + a˜4
· · ·
−4QnA˜
1 +Qna˜
1 + a˜n


(E17)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-4K while all a˜i is level-one, therefore any new
twisted term involving a˜i would be equivalent to be trivial. It is easy to see that by substituting (E17) in Sint, all the twisted
terms involve at least one a˜i, therefore there is non nontrivial twisted term, indicating there is no three loop or four loop braiding
for the GT∗.
(4). Q1 = 4n, we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


K 0 0 0 0 · · · 0
0 4 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E18)
where
V ′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E19)
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Therefore, G∗g = ZK × Z4 andWd =WV where
V = V0V
′ =


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


(E20)
Under this transformation, the one form gauge fields can be expressed by


A1
a1
a2
a3
a4
· · ·
an


=


1 0 0 0 0 · · · 0
−n 1 0 0 0 · · · 0
−Q2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
−nA˜1 + a˜1
−Q2A˜
1 + a˜2
−Q3A˜
1 + a˜3
−Q4A˜
1 + a˜4
· · ·
−QnA˜
1 + a˜n


(E21)
where A˜1 and a˜i are the new gauge fields after basis transformation. A˜
1 is level-K while all a˜1 is level-four and other a˜i are
level-one. In principle, there are two new twisted terms: q˜A˜1a˜1da˜1 and q˜′a˜1A˜1dA˜1, and their anomaly-free coefficients are
k4K/ gcd(4,K) mod 4K where k ∈ Zgcd(4,K). What we need to check now is whether charge matrices can realized the
coefficients q˜, q˜′ = K, 2K, 3K mod 4K , and if so, what they are. In fact, there are many ways to realize it, one example is as
seen in Table XV. We choose this realization as one typical charge matrix listed in charge matrix in the main text.
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122a˜
1A˜1dA˜1 k4K/ gcd(4, K) k ∈ Zgcd(4,K) Q2 = 1
q211a
2a1da1 q211A˜
1a˜1da˜1 k4K/ gcd(4, K) k ∈ Zgcd(4,K) Q2 = 1
TABLE XV. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E21 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Zgcd(4,K) which contribute that classification in the main text. Note that here we assume K is even.
All Qi = 0 for i 6= 2.
2. ZK × Z
′
K symmetry
a. Symmetry fractionalization on gauge charge
We begin with the action (C1) and let N = 4 and Ki = 1 for all i > 2, therefore there are two external probe field A
1 and
A2. There is only one nontrivial type of gauge charge excitation current, namely the Z4 gauge current. Turning one the gauge
charge current, we get
S′ =
N
2pi
∫
b1da1 +
1
2pi
∫ m∑
i=2
bidai +
∫ 2∑
i=1
m∑
j=1
QijA
idbj +
∫
a1 ∗ j1 +
m∑
i=3
ai ∗ ji... (E22)
where jµ1 is the Z4 gauge currents which can be seen by the one form Z4 gauge field a
1 and jµi (i 6= 1) are the gauge current
corresponding to those one form gauge field ai. Integrating out bj(j=1,2,...,m), we can get that a1 = −Q114 A
1 − Q214 A
2 and
aj = −Q1jA
1 −Q2jA
2(j = 2, 3, ...m) which can be substituted back to the action to get that
Seff = −
∫
(
Q11
4
A1 +
Q21
4
A2) ∗ j1 −
m∑
k=2
∫
(Q1kA
1 +Q2kA
2) ∗ jk (E23)
There are sixteen kinds of different choices of Q11 and Q21 which may lead to different symmetry fractionalization on
particles with Z4 gauge charge. In fact, we only need to discuss nine cases, since the other seven cases can be obtained
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by using charge conjugation transformation. More explicitly, the symmetry charge related to the two symmetry subgroups
ZK and Z
′
K carried by the particle with unit Z4 gauge charge can be (1) (0, 0) mod 1, (2) (0,
1
4 ) mod 1, (3) (0,
1
2 ) mod 1,
(4)( 14 , 0) mod 1, (5)(
1
4 ,
1
4 ) mod 1, (6)(
1
4 ,
1
2 ) mod 1, (7) (
1
2 , 0) mod 1, (8)(
1
2 ,
1
4 ) mod 1, (9)(
1
2 ,
1
2 ) mod 1, which indicate the
fusion rules of two symmetry flux Ωg1 and Ωh1 (g1h1 = 11) and the two symmetry flux Ωg2 and Ωh2(g2h2 = 12) as (1)
Ωg1 × Ωh1 ∼ 1 and Ωg2 × Ωh2 ∼ 1, (2) Ωg1 × Ωh1 ∼ m[1] and Ωg2 × Ωh2 ∼ 1, (3)Ωg1 × Ωh1 ∼ 1 and Ωg2 × Ωh2 ∼ m[2],
(4) Ωg1 × Ωh1 ∼ m[1] and Ωg2 × Ωh2 ∼ 1, (5) Ωg1 × Ωh1 ∼ m[1] and Ωg2 × Ωh2 ∼ m[1], (6) Ωg1 × Ωh1 ∼ m[1] and
Ωg2×Ωh2 ∼ m[2], (7)Ωg1×Ωh1 ∼ m[2] andΩg2×Ωh2 ∼ 0, (8)Ωg1×Ωh1 ∼ m[2] andΩg2×Ωh2 ∼ m[1], (9)Ωg1×Ωh1 ∼ m[2]
and Ωg2 × Ωh2 ∼ m[2], From these fusion rules, upon gauging, the resultant gauge group G
∗
g can be (1) Z4 × ZK1 × ZK2 ,
(2) ZK1 × Z4K2 , (3) Z2 × ZK1 × Z2K2 , (4) Z4K1 × ZK2 , (5)Z4K1K2/K12 × ZK12 , (6)Z4K1K2/ gcd(2K1,K2) × Zgcd(2K1,K2),
(7)Z2×Z2K1×ZK2 orZ4K1×ZK2 , (8)Z4K1K2/ gcd(2K2,K1)×Zgcd(2K2,K1), (9)Z2×Z2K1K2/K12×ZK12 orZ4K1K2/K12×ZK12 ,
where we use ZK1 and ZK2 to represent ZK and Z
′
K respectively. Note that in (7), If K1 = K2 = K are odd, the G
∗
g takes
Z4K1 × ZK2 , otherwise Z2 × Z2K1 × ZK2 . Similarly, in (9), if K1 = K2 = K are odd, the G
∗
g takes Z4K1K2/K12 × ZK12 ,
otherwise Z2 × Z2K1K2/K12 × ZK12 .
Now we discuss the equivalence classes of symmetry fractionalization on particles. If K1 = K2 = K = 2n + 1, then all
the G∗gs above are isomorphic. If K1 = K2 = K = 4n + 2, then the G
∗
g (1), (3), (7) and (9) are isomorphic, (2), (4) and (5)
are isomorphic and (6), (8) are not isomorphic to any others. Therefore, there are four differentG∗gs. If K = 4n, all these three
G∗gs are not isomorphic. Therefore, if K = 2n+ 1, 4n+ 2 or 4n, there is one, four , nine different symmetry fractionalization
patterns on particles.
b. Gauging
From the action (C1), considering the ZK × Z
′
K as ZK1 × ZK2 , we choose
W =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
Q11 Q21 4 0 0 · · · 0
Q12 Q22 0 1 0 · · · 0
Q13 Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Q1n Q2n 0 0 0 · · · 1


We can first perform a transformation V0
W1 =WV0 =


K1 0 0 0 0 · · · 0
K2 0 0 0 · · · 0
Q11 Q21 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E24)
where
V0 =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
−Q13 −Q23 0 1 0 · · · 0
−Q14 −Q24 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1


. (E25)
Therefore, the G∗g for this case depends on the values of Q11 and Q21 and we will show that there are four different cases
depending on the parity of Q11 andQ21.
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(1) Q11 = 4n1, Q21 = 4n2, we can perform further transformation to diagonalizeW1:
Wd =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
0 0 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E26)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E27)
Therefore the G∗g = Z4 × ZK1 × ZK2 for this case andWd =WV where
V = V0V
′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
−Q12 −Q22 0 1 0 · · · 0
−Q13 −Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1


(E28)
For this gauge group, there are in principle eight kinds of different twisted terms: A˜1A˜2dA˜2, a˜2A˜1dA˜1, A˜ia˜
1da˜1, a˜1A˜idA˜i,
A˜1A˜2da˜1, A˜1a˜1dA˜2 whose allowed quantization values can be determined: kK1K2K12 , k ∈ ZK12 for the first two, k
4Ki
gcd(4,Ki
), k ∈
Zgcd(4,Ki) for the second two, k
K1K2
K12
, k ∈ Zgcd(4,K12) for the five, and k
4K1
gcd(4,K1)
, k ∈ Zgcd(4,K12) for the last one. Every
choice of these allowed quantization coefficients of these new twisted terms can determine an (inequivalent) gauge theory with
gauge group ZK1 × ZK2 × Z4. All we need to determine now is which of the gauge theories listed above can be reached, or
saying, how many inequivalentGT∗ with G∗g = ZK1 ×ZK2 ×Z4 can be realized, by considering different original twisted terms
and all possible charge matrices. To see this, we first perform the transformation on one form gauge fields:


A1
a2
a1
a2
a3
· · ·
an


=


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
−Q12 −Q22 0 1 0 · · · 0
−Q13 −Q23 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −Q2n 0 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
A˜2
−n11A˜
1 − n21A˜
2 + a˜1
−Q12A˜
1 −Q22A˜
2 + a˜2
−Q13A˜
1 −Q23A˜
2 + a˜3
· · ·
−Q1nA˜
1 −Q2nA˜
2 + a˜n


(E29)
As shown in Table XVI, we discussed one typical choice of charge matrix: Q12 = Q23 = 1 and all other Qij = 0, and by
choosing different original twisted terms(eight kinds in below table) in Sint in C1, we can realize all possible gauge theories
with such a G∗g . Therefore the classification of GT
∗ with G∗g = ZK1 ×ZK2 ×Z4 is (Zgcd(4,K1))
2 × (Zgcd(4,K2))
2 × (ZK12)
2 ×
(Zgcd(4,K12))
2. IfK1 = K2 = K = 2n+ 1, then the classification reduce to Z2n+1 × Z2n+1. IfK1 = K2 = K = 2(2n+ 1),
then the classification reduce to (Z2)
6 × (Z2(2n+1))
2. IfK1 = K2 = K = 4n, then the classification is (Z4)
6 × (Z4n)
2.
(2). Q11 = 4n1 + 1, Q21 = 4n2, we can perform further transformation to diagonalize W1: , we can perform further
transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
1 0 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E30)
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original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122a˜
1A˜1dA˜1 k 4K1
gcd(4,K1)
k ∈ Zgcd(4,K1) Q12 = Q23 = 1
q211a
2a1da1 q211A˜
1a˜1da˜1 k 4K1
gcd(4,K1)
k ∈ Zgcd(4,K1) Q12 = Q23 = 1
q133a
1a3da3 q133a˜
1A˜2dA˜2 k 4K2
gcd(4,K2)
k ∈ Zgcd(4,K2) Q12 = Q23 = 1
q311a
3a1da1 q311A˜
2a˜1da˜1 k 4K2
gcd(4,K2)
k ∈ Zgcd(4,K2) Q12 = Q23 = 1
q233a
2a3da3 q233A˜
1A˜2dA˜2 kK1K2
K12
k ∈ ZK12 Q12 = Q23 = 1
q322a
3a2da2 q322A˜
2A˜1dA˜1 kK1K2
K12
k ∈ ZK12 Q12 = Q23 = 1
q123a
1a2da3 q123a˜
1A˜1dA˜ k 4K1
gcd(4,K1)
k ∈ Zgcd(2,K12) Q12 = Q23 = 1
q132a
1a3da2 q132a˜
1A˜2dA˜1 k 4K2
gcd(4,K2)
k ∈ Zgcd(4,K12) Q12 = Q23 = 1
TABLE XVI. The twisted terms we consider in Sint and their quantization. The original twisted terms are those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E29 in to the original twisted terms. The
quantization of qijk are determined in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values
in gauged theory. All other Qij = 0.
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E31)
Further, we can perform another transformation to get the diagonal formWd:
Wd = UW
′
dV
′′ =


4K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


, (E32)
thereforeG∗g = Z4K1 × ZK2 and
U =


1 0 −K1 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


4 0 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E33)
Further
V = V0V
′V ′′ =


4 0 −1 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q11 −n21 −n11 0 0 · · · 0
−4Q12 −Q22 −Q12 1 0 · · · 0
−4Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Q1n −Q2n −Q1n 0 0 · · · 1


. (E34)
For this G∗g , there are in principle two kinds of different twisted terms: A˜
1A˜2dA˜2, A˜2A˜1dA˜1, whose allowed quantization
values can be determined: q, q¯ = k 4K1K2gcd(4K1,K2) , k ∈ Zgcd(4K1,K2). Now we want to determine that which choices of q, q¯ can be
reached by some charge matrix and the original twisted terms, namely, by which GT∗ with G∗g = Z4K1 × ZK2 . In fact, we can
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show that the choices of q, q¯ and different GT∗s are one-to-one correspondence, therefore there are Zgcd(4K1,K2)×Zgcd(4K1,K2)
kinds of inequivalent GT∗s with G∗g = Z4K1 × ZK2 . If K1 = K2 = K = 2n + 1, the classification is Z2n+1 × Z2n+1. If
K1 = K2 = K = 2(2n+1), the classification is Z2(2n+1)×Z2(2n+1). IfK1 = K2 = K = 4n, the classification is Z4n×Z4n.
To see this, we can first perform the transformation on one form gauge fields:


A1
A2
a1
a2
a3
· · ·
an


=


4 0 −1 0 0 · · · 0
0 1 0 0 0 · · · 0
−Q11 −n21 −n11 0 0 · · · 0
−4Q12 −Q22 −Q12 1 0 · · · 0
−4Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Q1n −Q2n −Q1n 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


4A˜1 − a˜1
A˜2
−Q11A˜
1 − n21A˜
2 − n11a˜
1
−4Q12A˜
1 −Q22A˜
2 −Q12a˜
1 + a˜2
−4Q13A˜
1 −Q23A˜
2 −Q13a˜
1 + a˜3
· · ·
−4Q1nA˜
1 −Q2nA˜
2 −Q1na˜
1 + a˜n


(E35)
As shown in Table XVII, we discussed one typical choice of charge matrix: Q11 = Q22 = 1 and all other Qij = 0, and by
choosing different twisted terms(two kinds in below table) in Sint in C1, we can realize all possible gauge theory with such a
gauge group.
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122A˜
1A˜2dA˜2 k 4K1K2
gcd(4K1,K2)
k ∈ Zgcd(4K1,K2) Q11 = Q22 = 1
q211a
2a1da1 q211A˜
2A˜1dA˜1 k 4K1K2
gcd(4K2,K2)
k ∈ Zgcd(4K1,K2) Q11 = Q22 = 1
TABLE XVII. The twisted terms we consider in Sint and their quantization. The original twisted terms are those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E35 into the original twisted terms. The
quantization of qijk are determined in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values
in gauged theory. All other Qij = 0.
(3) Q11 = 4n1 − 1, Q21 = 4n2 This case can be obtained by using the charge conjugation transformation.
(4) & (5): Q11 = 4n11, Q21 = 4n21 ± 1, similar to case (2)& (3).
(6) Q11 = 4n1, Q21 = 4n2 + 2We can perform further transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
0 2 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E36)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E37)
IfK1 = K2 = K = 2n2 is even, further, we can perform another transformation to get the diagonal formWd:
Wd = UW
′
dV
′′ =


K1 0 0 0 0 · · · 0
0 2K2 0 0 0 · · · 0
0 0 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E38)
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thereforeG∗g = Z2 × ZK1 × Z2K2 and
U =


1 0 0 0 0 · · · 0
0 1 −n2 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


1 0 0 0 0 · · · 0
0 2 1 0 0 · · · 0
0 −1 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E39)
Therefore,
V = V0V
′V ′′ =


1 0 0 0 0 · · · 0
0 2 1 0 0 · · · 0
−n11 −Q21 −n21 0 0 · · · 0
−Q12 −2Q22 −Q22 1 0 · · · 0
−Q13 −2Q23 −Q23 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −2Q2n −Q2n 0 0 · · · 1


. (E40)
For this gauge group, there are in principle eight kinds of different twisted terms: A˜1A˜2dA˜2, A˜2A˜1dA˜1, A˜1a˜1da˜1,
a˜1A˜1dA˜1, A˜2a˜1da˜1, a˜1A˜2dA˜2, A˜1A˜2da˜1, A˜1a˜1dA˜2 whose allowed quantization values can be determined: k 2K1K2gcd(K1,2K2) , k ∈
Zgcd(K1,2K2) for the first two, k
2K1
gcd(2,K1
), k ∈ Zgcd(2,K1) for the second two, k
4K2
gcd(2,2K2
), k ∈ Zgcd(2,2K2) for the third two,
k 2K1K2gcd(K1,2K2) , k ∈ Zgcd(2,K1) for the seven, and k
2K1
gcd(2,K1)
, k ∈ Zgcd(2,K1) for the last one. Every choice of these allowed quan-
tization coefficients of these new twisted terms can determine an (inequivalent) gauge theory with gauge groupZK1×Z2K2×Z2.
All we need to determine now is which of the gauge theories listed above can be reached, or saying, howmany inequivalentGT∗
with G∗g = ZK1 × Z2K2 × Z2 can be realized, by considering all possible charge matrices and original twisted terms. To see
this, we first perform the transformation on one form gauge fields:


A1
A2
a1
a2
a3
· · ·
an


=


1 0 0 0 0 · · · 0
0 2 1 0 0 · · · 0
−n11 −1− 2n21 −n21 0 0 · · · 0
−Q12 −2Q22 −Q22 1 0 · · · 0
−Q13 −2Q23 −Q23 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n −2Q2n −Q2n 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
2A˜2 + a˜1
−n11A˜
1 − (1 + 2n21)A˜
2 − n21a˜
1
−Q12A˜
1 − 2Q22A˜
2 −Q22a˜
1 + a˜2
−Q13A˜
1 − 2Q23A˜
2 −Q23a˜
1 + a˜3
· · ·
−Q1nA˜
1 − 2Q2nA˜
2 −Q2na˜
1 + a˜n


(E41)
As shown in Table XVIII, we discussed one typical choice of charge matrix: n11 = n21 = 0, Q22 = Q13 = Q14 = 1 and all
other Qij = 0, and by choosing different twisted terms(eight kinds in below table) in Sint in C1, we can realize all possible
gauge theory with such a gauge group. Therefore, the classification of inequivalent GT∗ with G∗g = ZK1 × Z2K2 × Z2 is
Z
2
gcd(K1,2K2)
× Z4gcd(2,K1) × Z
2
2. SinceK1 = K2 = K are even, the classification becomes (ZK)
2 × (Z2)
6.
IfK1 = K2 = K = 2n2+1 is odd, then we can further, we can perform another transformation to get the diagonal formWd:
Wd = UW
′
dV
′′ =


K1 0 0 0 0 · · · 0
0 4K2 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


, (E42)
thereforeG∗g = ZK1 × Z4K2 and
U =


1 0 0 0 0 · · · 0
0 2 −2n2 − 1 0 0 · · · 0
0 1 −n2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


1 0 0 0 0 · · · 0
0 −4n2 1 0 0 · · · 0
0 −1 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E43)
42
original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211a˜
1A˜2dA˜2 k2K2 k ∈ Z2 Q22 = Q13 = Q14 = 1, Q21 = 2
q122a
1a2da2 q122A˜
2a˜1da˜1 k2K2 k ∈ Z2 Q22 = Q13 = Q14 = 1, Q21 = 2
q133a
1a3da3 q133A˜
2A˜1dA˜1 k 2K1K2
gcd(K1,2K2)
k ∈ Zgcd(K1,2K2) Q22 = Q13 = Q14 = 1, Q21 = 2
q311a
3a1da1 q311A˜
1A˜2dA˜2 k 2K1K2
gcd(K1,2K2)
k ∈ Zgcd(K1,2K2) Q22 = Q13 = Q14 = 1, Q21 = 2
q123a
1a2da3 q123A˜
2a˜1dA˜1 k2K2 k ∈ Zgcd(2,K1) Q22 = Q13 = Q14 = 1, Q21 = 2
q132a
1a3da2 q132A˜
2A˜1da˜1 k 2K1K2
gcd(2,K1)
k ∈ Zgcd(2,K1) Q22 = Q13 = Q14 = 1, Q21 = 2
q233(a
2a3da3 − 2S144) q233a˜
1A˜1dA˜1 kK1K2
K12
k ∈ Zgcd(2,K1) Q22 = Q13 = Q14 = 1, Q21 = 2
q322(a
3a2da2 − S1,2,4) q322A˜
1a˜1da˜1 kK1K2
K12
k ∈ Zgcd(2,K1) Q22 = Q13 = Q14 = 1, Q21 = 2
TABLE XVIII. The twisted terms we consider in S′int and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E57 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z4 which contribute that classification in the main text. Note that here we assume K is even. All
other Qij = 0. S144 = a
1a4da4, and S1,2,4 = −a
1a2da4 − 2a1a4da2 + 2a4a1da1. Actually there is another twisted term 2q132A˜
2A˜1dA˜2
inherited from q132a
1a3da2, however it is always equivalent to zero.
Therefore,
V = V0V
′V ′′ =


1 0 0 0 0 · · · 0
0 −4n2 1 0 0 · · · 0
−n11 4n2n21 − 1 −n21 0 0 · · · 0
−Q12 4n2Q22 −Q22 1 0 · · · 0
−Q13 4n2Q23 −Q23 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n 4n2Q2n −Q2n 0 0 · · · 1


. (E44)
For this gauge group, there are in principle two kinds of different twisted terms: A˜1A˜2dA˜2, A˜2A˜1dA˜1 whose allowed quan-
tization values can be determined: k 4K1K2gcd(K1,4K2) , k ∈ Zgcd(K1,4K2). Every choice of these allowed quantization coefficients of
these new twisted terms can determine an (inequivalent) gauge theory with gauge group ZK1 ×Z4K2 . All we need to determine
now is how many inequivalent GT∗ with G∗g = ZK1 × Z4K2 can be realized, by considering all possible charge matrices and
original twisted terms. To see this, we first perform the transformation on one form gauge fields:


A1
A2
a1
a2
a3
· · ·
an


=


1 0 0 0 0 · · · 0
0 −4n2 1 0 0 · · · 0
−n11 4n2n21 − 1 −n21 0 0 · · · 0
−Q12 4n2Q22 −Q22 1 0 · · · 0
−Q13 4n2Q23 −Q23 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Q1n 4n2Q2n −Q2n 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
−4A˜2 + a˜1
−n11A˜
1 + (4n2n21 − 1)A˜
2 − n21a˜
1
−Q12A˜
1 − 4n2Q22A˜
2 −Q22a˜
1 + a˜2
−Q13A˜
1 − 4n2Q23A˜
2 −Q23a˜
1 + a˜3
· · ·
−Q1nA˜
1 − 4n2Q2nA˜
2 −Q2na˜
1 + a˜n


(E45)
As shown in Table XIX, we discussed one typical choice of charge matrix: n11 = n21 = 0, Q12 = 1 and all other Qij = 0,
and by choosing different twisted terms(two kinds in below table) in Sint in C1, we can realize all possible gauge theories with
such a gauge group. Therefore, the classification for GT∗ with G∗g = ZK1 × Z4K2 is Zgcd(K1,4K2) × Zgcd(K1,4K2). Since here
K1 = K2 = K is odd, the classification becomes ZK × ZK .
original twisted term new twisted term quantization of qijk classification symmetry realization
q122a
1a2da2 q122A˜
2A˜1dA˜1 k 2K1K2
gcd(K1,2K2)
k ∈ Zgcd(4K2,K1) Q12 = −1
q211a
2a1da1 q211A˜
1A˜2dA˜2 k 2K1K2
gcd(2K2,K1)
k ∈ Zgcd(4K2,K1) Q12 = −1
TABLE XIX. The twisted terms we consider in Sint and their quantization. The original twisted terms are those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E45 in to the original twisted terms. The
quantization of qijk are determined in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values
in gauged theory. All other Qij = 0.
(7) Q11 = 4n11 + 2, Q21 = 4n21. Similar to case (6).
(8) Q11 = 4n11 + 1, Q21 = 4n21 + 1. We can perform further transformation to diagonalizeW1:
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W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
1 1 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E46)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E47)
The G∗g does not depends on the values of n11 and n21, so we set them to be zero in the following to simplify the discussion.
TheW ′d can be further diagonalize byWd = UW
′
dV
′′:
Wd = UW
′
dV
′′ =


4K1K2
K12
0 0 0 0 · · · 0
0 K12 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


, (E48)
thereforeG∗g = Z4K1K2/K12 × ZK12 and
U =


1 0 −K1 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


4 + ∆ −1 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E49)
Therefore
V = V0V
′V ′′ =


4 + ∆ −1 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
−(4 + ∆)Q12 +∆Q22 Q12 −Q22 −Q12 1 0 · · · 0
−(4 + ∆)Q13 +∆Q23 Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−(4 + ∆)Q1n +∆Q2n Q1n −Q2n −Q1n 0 0 · · · 1


. (E50)
Then the one form gauge field can be transformed as


A1
A2
a1
a2
a3
· · ·
an


= V


A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


(4 + ∆)A˜1 − A˜2 + a˜1
−∆A˜1 + A˜2
−A˜1
(−(4 + ∆)Q12 +∆Q22)A˜
1 + (Q12 −Q22)A˜
2 −Q12a˜
1 + a˜2
(−(4 + ∆)Q13 +∆Q23)A˜
1 + (Q13 −Q23)A˜
2 −Q13a˜
1 + a˜3
· · ·
(−(4 + ∆)Q1n +∆Q2n)A˜
1 + (Q1n −Q2n)A˜
2 −Q1na˜
1 + a˜n


(E51)
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original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211A˜
2A˜1dA˜1 k 4K1K2
K12
k ∈ ZK12 Q12 = Q13 = 1
q122(a
1a2da2 −∆a3a1da1) q122A˜
2A˜1dA˜1 k 4K1K2
K12
k ∈ ZK12 Q12 = Q13 = 1
TABLE XX. The twisted terms we consider in Sint and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E57 in to the original twisted terms. The
quantization of qijk are determined in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values
in gauged theory. All other Qij = 0 and n11 = n21 = 0.
As shown in Table XX, we discussed one typical choice of charge matrix: n11 = n21 = 0, Q12 = Q13 = 1 and all other
Qij = 0, and by choosing different twisted terms(two kinds in below table) in Sint in C1, we can realize all possible gauge
theories with such a gauge group. Therefore, the classification for GT∗ with this G∗g is ZK12 × ZK12 .
(9) Q11 = 4n11 − 1, Q21 = 4n21 + 1. Similar to the discussion of (8)
(10)Q11 = 4n11 + 1, Q21 = 4n21 − 1. Similar to the discussion of (8)
(11)Q11 = 4n11 − 1, Q21 = 4n21 − 1. Similar to the discussion of (8).
(12)Q11 = 4n11 + 1, Q21 = 4n21 + 2We can perform further transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
1 2 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E52)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E53)
The G∗g does not depends on the values of n11 and n21, so we set them to be zero in the following to simplify the discussion.
TheW ′d can be further diagonalize byWd = UW
′
dV
′′:
Wd = UW
′
dV
′′ =


4K1K2
gcd(2K1,K2)
0 0 0 0 · · · 0
0 gcd(2K1,K2) 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E54)
thereforeG∗g = Z4K1K2/ gcd(2K1,K2) × Zgcd(2K1,K2) and
U =


1 0 −K1 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


,V ′′ =


4 + 2∆ −2 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E55)
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Therefore
V = V0V
′V ′′ =


4 + 2∆ −2 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
−(4 + 2∆)Q12 +∆Q22 2Q12 −Q22 −Q12 1 0 · · · 0
−(4 + 2∆)Q13 +∆Q23 2Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−(4 + 2∆)Q1n +∆Q2n 2Q1n −Q2n −Q1n 0 0 · · · 1


. (E56)
Then the one form gauge field can be transformed as


A1
A2
a1
a2
a3
· · ·
an


= V


A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


(4 + 2∆)A˜1 − 2A˜2 + a˜1
−∆A˜1 + A˜2
−A˜1
(−(4 + 2∆)Q12 +∆Q22)A˜
1 + (2Q12 −Q22)A˜
2 −Q12a˜
1 + a˜2
(−(4 + 2∆)Q13 +∆Q23)A˜
1 + (2Q13 −Q23)A˜
2 −Q13a˜
1 + a˜3
· · ·
(−(4 + 2∆)Q1n +∆Q2n)A˜
1 + (2Q1n −Q2n)A˜
2 −Q1na˜
1 + a˜n


(E57)
As shown in Table XXI, we discussed one typical choice of charge matrix: n11 = n21 = 0, Q12 = Q13 = 1 and all other
Qij = 0, and by choosing different twisted terms(two kinds in below table) in Sint in C1, we can realize all possible gauge
theories with such a gauge group. Therefore, the classification for GT∗ with G∗g = Z4K1K2/ gcd(2K1,K2) × Zgcd(2K1,K2) is
Zgcd(2K1,K2) × Zgcd(2K1,K2). IfK1 = K2 = K , then the classification becomes ZK × ZK .
original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211A˜
2A˜1dA˜1 k 4K1K2
gcd(K2,2K1)
k ∈ Zgcd(K2,2K1) Q12 = Q13 = 1
q122(a
1a2da2 −∆a3a1da1) q122A˜
2A˜1dA˜1 k 4K1K2
gcd(K2,2K1)
k ∈ Zgcd(K2,2K1) Q12 = Q13 = 1
TABLE XXI. The twisted terms we consider in S′int and their quantization. The original twisted terms is those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E57 in to the original twisted terms. The
quantization of qijk are constraint in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values in
gauged theory. Here there are two factor Z4 which contribute that classification in the main text. Note that here we assume K is even. All
other Qij = 0 and n11 = n21 = 0.
(13). Q11 = 4n11 − 1, Q21 = 4n21 + 2, similar discussion to (12).
(14). Q11 = 4n11 + 2, Q21 = 4n21 + 1, similar discussion to (12).
(15). Q11 = 4n11 + 2, Q21 = 4n21 − 1, similar discussion to (12).
(16). Q11 = 4n11 + 2, Q21 = 4n21 + 2. We can perform further transformation to diagonalizeW1:
W ′d =W1V
′ =


K1 0 0 0 0 · · · 0
0 K2 0 0 0 · · · 0
2 2 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E58)
where
V ′ =


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
−n11 −n21 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E59)
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The G∗G does not depends on the values of n11 and n21, so we set them to be zero in the following to simplify the discussion.
If bothK1,2 are odd, then theW
′
d can be further diagonalize byWd = UW
′
dV
′′:
Wd = UW
′
dV
′′ =


4K1K2
K12
0 0 0 0 · · · 0
0 K12 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E60)
where U and V ′′ depend on the value ofK1,2. However, this G
∗
g is the same as that of the case (8).
IfK1 = K2 = K are even, then theW
′
d can be further diagonalize byWd = UW
′
dV
′′:
Wd = UW
′
dV
′′ =


2K1K2
K12
0 0 0 0 · · · 0
0 K12 0 0 0 · · · 0
0 0 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(E61)
where U depends on the specific values ofK1,2, and
V ′ =


2 + ∆ −1 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


. (E62)
where∆ is determined by specific value ofK . Therefore,
V = V0V
′V ′′ =


2 + ∆ −1 1 0 0 · · · 0
−∆ 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
−(2 + ∆)Q12 +∆Q22 Q12 −Q22 −Q12 1 0 · · · 0
−(2 + ∆)Q13 +∆Q23 Q13 −Q23 −Q13 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−(2 + ∆)Q1n +∆Q2n Q1n −Q2n −Q1n 0 0 · · · 1


. (E63)
The one form gauge fields transform as


A1
A2
a1
a2
a3
· · ·
an


= V


A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


(2 + ∆)A˜1 − A˜2 + a˜1
−∆A˜1 + A˜2
−A˜1
(−(2 + ∆)Q12 +∆Q22)A˜
1 + (Q12 −Q22)A˜
2 −Q12a˜
1 + a˜2
(−(2 + ∆)Q13 +∆Q23)A˜
1 + (Q13 −Q23)A˜
2 −Q13a˜
1 + a˜3
· · ·
(−(2 + ∆)Q1n +∆Q2n)A˜
1 + (Q1n −Q2n)A˜
2 −Q1na˜
1 + a˜n


(E64)
As shown in Table XXII, we discussed one typical choice of charge matrix: n11 = n21 = 0, Q1i = Q2i = 1, i = 2, 4, 6
and Q2j = 1, j = 3, 5, 7 and all other Qij = 0, and by choosing different twisted terms(eight kinds in below table) in Sint in
C1, we can realize all possible gauge theory with such a gauge group. Therefore, the classification for GT∗ with such a G∗g is
(ZK12)
2 × (Z2)
6.
47
original twisted term new twisted term quantization of qijk classification symmetry realization
q211a
2a1da1 q211a˜
1A˜1dA˜1 k 2K1K2
K12
k ∈ Z2 Q1k = Q2l = 1
q122(a
1a2da2 − 2a4a1da1) q122A˜
2a˜1da˜1 k 2K1K2
K12
k ∈ Z2 Q1k = Q2l = 1
q311a
3a1da1 q311A˜
2A˜1dA˜1 k 2K1K2
K12
k ∈ ZK12 Q1k = Q2l = 1
q133(a
1a3da3 −∆a5a1da1) q133A˜
2A˜1dA˜1 k 2K1K2
K12
k ∈ ZK12 Q1k = Q2l = 1
q123(a
1a2da3 +∆a6a1da1) q123A˜
2a˜1dA˜1 k 2K1K2
K12
k ∈ Zgcd(2,K12) Q1k = Q2l = 1
q132(a
1a3da2 + 2a7a1da1) q132A˜
2A˜1da˜1 k 2K1K2
K12
k ∈ Zgcd(2,K12) Q1k = Q2l = 1
q233(a
2a3da3 − 2S144) q233a˜
1A˜1dA˜1 kK1K2
K12
k ∈ Zgcd(2,K12) Q1k = Q2l = 1
q322(a
3a2da2 − S1,2,4) q322A˜
1a˜1da˜1 kK1K2
K12
k ∈ Zgcd(2,K12) Q1k = Q2l = 1
TABLE XXII. The twisted terms we consider in Sint and their quantization. The original twisted terms are those we consider in the SEG
theory, while the new twisted terms are those nontrivial ones inherited by substituting the expression E64 in to the original twisted terms. The
quantization of qijk are determined in the SEG theory and can be inherited after gauging. The classification means the nonequivalent values
in gauged theory. k = 2, 4, 6 and l = 2, 3, 4, 5, 6, 7 All other Qij = 0. S144 = a
1a4da4, and S1,2,4 = −a
1a2da4 − 2a1a4da2 + 2a4a1da1.
Actually there is another twisted term 2q132A˜
2A˜1dA˜2 inherited from q132a
1a3da2, however it is always equivalent to zero.
Appendix F: Z2 × Z2 topological order enriched by Abelian symmetries
The bosonic Z2 × Z2 topological order can be characterized by the Z2 × Z2 topological Bf field theory as
S=
1
2pi
∫ ∑
i
Nib
idai
+
k
2pi2
∫
a1a2da2 +
k¯
2pi2
a2a1da1 (F1)
Here we setN1 = N2 = 2. There are four different inequivalent theories corresponding to four different choices of (k, k¯): (0,0),
(1,0), (0,1), (1,1). It is worthwhile to note that (k, k¯) is of a period of 2, meaning that, for example, all the physically properties
of theory with (k, k¯) = (1, 0) is the same as those with (2n+ 1, 2m), with integerm,n.
Beginning with the action (F1) with (k, k¯), we can add many level-oneBF terms, like
Slevel one =
1
2pi
∫ n∑
i=3
bidai (F2)
to the action (F1), which do not change the topological properties described by the action (F1), and also twisted terms involving
the level-one one form gauge fields, like
S′int=
q133
4pi2
∫
a1a3da3 +
q123
4pi2
∫
a1a2da3
+
q433
4pi2
∫
a4a3da3 + ... (F3)
since the quantization of such terms are equivalent to 0, meaning that they does not introduce any new nontrivial three loop
braiding statistics.
However, if we consider that the system described by these theory has some on-site unitary symmetry, we can minimally
coupled the gauge currents to the external probe field and therefore, the quantization and also the period of the coefficients of
twisted terms may change. If we consider the symmetry to be local unitary Abelian
∏n
i ZKi type, then we can introduce n-copy
U(1) Abelian probe fields and Higgs them to be only allowed to take values in a subset of that of U(1), for example, for the ZKi ,
allowed values are Higgsed to be { 2pinKi , n = 0, 1, ..., N − 1 mod N}. The different symmetry realizations can be described by
the symmetry charges carried by the topological conserved currents, as see the Qi in G3 and Qij in ??.
1. ZK symmetry
a. Symmetry fractionalization on gauge charge
Turning on the excitation currents and coupling to the external probe field, we get
S′ =
2
2pi
∫ 2∑
i
bidai +
1
2pi
∫ m∑
i=3
bidai +
1
2pi
∫ m∑
j=1
Q1jA
1dbj +
∫ 2∑
i=1
ai ∗ ji +
m∑
i=3
ai ∗ ji... (F4)
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where jµ1,2 are the gauge charge excitation currents which can be seen by the one form Z2 gauge field a1,2 and j
µ
i (i 6= 1, 2) are
the gauge charge excitation currents corresponding to those one form gauge field ai. Integrate out bj(j=1,2,...,m), we can get
that a1 = −Q112 A
1, a2 = −Q122 A
1 and aj = −Q1jA
1(j = 3, ...m) which can be substituted back to the action to get that
Seff = −
∫
Q11
2
A1 ∗ j1 −
Q12
2
A1 ∗ j2 −
m∑
k=3
Q1k
∫
A1 ∗ jk (F5)
Therefore the particles e1, e2 with unit gauge charge of the two gauge groups respectively can carry integer or half integer
symmetry charge of the ZK symmetry depending on the parity of Q11 and Q12 while other level-one gauge charge excitations
which is in fact trivial topological excitation can only carry integer symmetry charge. More explicitly, e1, e2 can carry (0, 0),
(1/2, 0), (0, 1/2), (1/2, 1/2) mod 1 symmetry charge of ZK symmetry, which indicate the fusion rules of symmetry flux Ωg and
Ωh with gh = 1 as (1) Ωg × Ωh ∼ 1, (2) Ωg × Ωh ∼ m1, (3)Ωg × Ωh ∼ m2, (4)Ωg × Ωh ∼ m1m2. Note that we denote the
two nontrivial gauge flux loops of the two gauge groups asm1,m2 respectively. From such fusion rules, we can get that the G
∗
g
would be (1) ZN1 × ZN2 × ZK , (2) ZN1K × ZN2 , (3) ZN1 × ZN2K (4) ZN1N2K/N12 × ZN12 , where we denote the two gauge
groups Z2 and Z˜2 to be ZN1 and ZN2 respectively.
Now we discuss the equivalence classes of symmetry fractionalization on particles. We use the differentG∗g to denote different
equivalence classes of symmetry fractionalization. If K is odd, then all the G∗gs are isomorphic, therefore, there is only one
symmetry fractionalization. If K is even, these four G∗g contribute to four different symmetry fractionalization patterns on
particles.
b. Gauging
For the presence case, theW in (12) takes
W =


K 0 0 0 0 · · · 0
Q1 2 0 0 0 · · · 0
Q2 0 2 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


If we set Q1 = 2α1 + β
1 andQ2 = 2α2 + β
2, then we can first perform the following transformation :
W1 =


K 0 0 0 0 · · · 0
2α1 + β
1 2 0 0 0 · · · 0
2α2 + β
2 0 2 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


V1 =


K 0 0 0 0 · · · 0
β1 2 0 0 0 · · · 0
β2 0 2 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(F6)
where
V1 =


1 0 0 0 0 · · · 0
−α1 1 0 0 0 · · · 0
−α2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


. (F7)
Therefore, what the gauge group of the gauged theory is only depends on the charge matrix(vector) (β1, β2). Therefore, there
are four different choices: (0,0), (1,0), (0,1), (1,1).
(1) (β1, β2) = (0, 0) W1 has already been diagonalized and the non-unit diagonal elements are K , 2 and 2, which means
that G∗g = ZK × Z2 × Z2. Therefore there are in principle eight kinds of new twisted terms in GT
∗: a˜1a˜2da˜2, a˜2a˜1da˜1,
A˜1a˜1da˜1, a˜1A˜1dA˜1, A˜1a˜2da˜2, a˜2A˜1dA˜1, A˜1a˜1da˜2, A˜1a˜2da˜1, and the allowed coefficients for the first two terms are 2k, k ∈
Z2, k
2K
gcd(2,K) , k ∈ Zgcd(2,K) for the second two, k
2K
gcd(2,K) , k ∈ Zgcd(2,K) for the others.
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First of all, we see that how the one form gauge fields transform as after the diagonalzing:


A1
a1
a2
a3
a4
· · ·
an


=


1 0 0 0 0 · · · 0
−α1 1 0 0 0 · · · 0
−α2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
a˜1 − α1A˜
1
a˜2 − α2A˜
1
a˜3 −Q3A˜
1
a˜4 −Q4A˜
1
· · ·
a˜n −QnA˜
1


(F8)
First we consider the choices of S′int in (F3). Below, we consider six such kinds of terms and also their quantization due
to an typical choice of symmetry realization, as listed in Table XXIII. The six original twisted terms are listed in the first row
in the table and then we substitute the expression (G25) of one form gauge fields into them to get the new twisted terms as
shown in the second row in table. The quantization values of coefficient of each original twisted term are given in the third row.
For example, for the twisted term q233a
2a3da3, q233 are quantized to be the multiple of
2K
gcd(2,K) . After we substitute (G25)
into this term, the only new twisted term whose coefficient is not equivalent to zero, is q233a˜
2A˜1dA˜1. Since the a˜ and A˜1 are
level-two and level-K one form gauge field, the quantization and period of the coefficient of a˜2A˜1dA˜1 are 2Kgcd(2,K) and 2K ,
which leads to classification Zgcd(2,K), as shown in the fourth row. Varying the coefficients of these six twisted terms, we can
get the classification (Zgcd(2,K))
6. Note that we can also add other twisted terms whose coefficients are equivalent to zero if not
considering symmetry, however, the new twisted gauge term(s) form those terms may be some combinations of these six terms
with proper coefficients.
original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 q133a˜
1A˜1dA˜1 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q311a
3a1da1 q311A˜
1a˜1da˜1 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q233a
2a3da3 q233a˜
2A˜1dA˜1 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q322a
3a2da2 q322A˜
1a˜2da˜2 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q123a
1a2da3 q123a˜
1a˜2dA˜1 2k k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q132a
1a3da2 q132a˜
1A˜1da˜2 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
TABLE XXIII. The twisted terms we consider in S′int and their quantization.
Now we consider anther two new twisted terms: a˜1a˜2da˜2 and a˜2a˜1da˜1. It is easy to see we cannot get such gauged terms
from S′int. They can only come from the terms in Sint of F1:
q
4pi2
a1a2da2=
q
4pi2
(a˜1 − α1A˜
1)(a˜2 − α2A˜
1)d(a˜2 − α2A˜
1)
=
q
4pi2
a˜1a˜2da˜2 + ... (F9)
q¯
4pi2
a2a1da1=
q¯
4pi2
(a˜2 − α2A˜
1)(a˜1 − α1A˜
1)d(a˜1 − α1A˜
1)
=
q¯
4pi2
a˜2a˜1da˜1 + ... (F10)
where ... denotes those twisted terms listed in Table XXIII which can be ignored in our discussion now. Note that the quantization
now depends on the choice of α1,2. In the presence of symmetry,
q, q¯ = k
2K/ gcd(K, gcd(α1, α2))
gcd(2,K/ gcd(K, gcd(α1, α2)))
.
It is easy to check that q must be some multiple of 2 no matter the values ofK, k and αi.
If K is odd and we choose α1 = α2 = 0, then q, q¯ = 0, 2 mod 4. Therefore, all the Z2 × Z2 topological order can be
enriched for the choice (β1, β2) = (0, 0) and for every Z2 × Z2 topological order, the symmetry enrichment classification is
(Zgcd(2,K))
6 = Z1. If K = 2(2n + 1), and we choose α1 = α2 = 0, then q, q¯ = 0, 2 mod 4. Therefore, all the Z2 × Z2
topological order can be enriched for the choice (β1, β2) = (0, 0) and for every Z2 × Z2 topological order, the symmetry
enrichment classification is (Zgcd(2,K))
6 = (Z2)
6. If K = 4n, and we choose α1 = α2 = 2n, then q, q¯ = 0, 2 mod 4,
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Therefore, all the Z2 × Z2 topological order can be enriched for the choice (β
1, β2) = (0, 0) and for every Z2 × Z2 topological
order, the symmetry enrichment classification is (Zgcd(2,K))
6 = (Z2)
6.
(2) (β1, β2) = (1, 0), after diagonalizing theW matrix, the non-unit diagonal elements are 2K and 2, which means G∗g =
Z2K × Z2. The 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−2α1 − 1 −α1 0 0 0 · · · 0
−2α2 −α2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜
−α1a˜
1 − (2α1 + 1)A˜
1
a˜2 − 2α2A˜
1 − α2a˜
1
a˜3 − 2Q3A˜
1 −Q3a˜
1
a˜4 − 2Q4A˜
1 −Q4a˜
1
· · ·
a˜n − 2QnA˜
1 −Q4a˜
1


(F11)
where A˜1 and a˜2 are level-2K and level-2 gauge fields while other a˜i are level-1 gauge fields.
Now we consider the terms in Sint.
q
4pi2
a1a2da2=
q
4pi2
(−α1a˜
1 − (2α1 + 1)A˜
1)(a˜2 − 2α2A˜
1 − α2a˜
1)d(a˜2 − 2α2A˜
1 − α2a˜
1) (F12)
=
q
4pi2
(−(2α1 + 1)A˜
1a˜2da˜2 + 2α2(2α1 + 1)A˜
1a˜2dA˜1) + ... (F13)
q¯
4pi2
a2a1da1=
q¯
4pi2
(a˜2 − 2α2A˜
1 − α2a˜
1)(−α1a˜
1 − (2α1 + 1)A˜
1)d(−α1a˜
1 − (2α1 + 1)A˜
1) (F14)
=
q¯
4pi2
(2α1 + 1)
2a˜2A˜1dA˜1 + ... (F15)
where ... denotes those involving the level-one twisted terms.
The quantization values of q, q¯ are some multiple of 2K/ gcd(2K, gcd(2α1 + 1, 2α2)). It is easy to see that
gcd(2K, gcd(2α1 + 1, 2α2)) is odd. Therefore, if K is even, then 2K/ gcd(2K, gcd(2α1 + 1, 2α2)) must be some multi-
ple of 4, indicating for even K , any quantized values of q is equivalent to q = 0 mod 4. Therefore, for the cases with even K
and (β1, β2) = (1, 0), the twisted Z2 ×Z2 topological order cannot be enriched by this symmetry realization(β
1, β2) = (1, 0)).
For untwisted Z2 × Z2 topological order, we set α1 = α2 = 1, therefore q, q¯ = 0, 2K mod 4K will belong to different GT
∗s.
Therefore, for even K, the twisted Z2 × Z2 topological order cannot be enriched while the enrichment of the untwisted one is
classified by Z2 × Z2.
Now we consider the odd K . We can get that q, q¯ = k2K/ gcd(K, gcd(2α1 + 1, 2α2)) with k is some integer. Once again
because gcd(K, gcd(2α1+1, 2α2)) is odd, for oddK ,K/ gcd(K, gcd(2α1+1, 2α2)) is also odd, then if k is odd, then q, q¯ = 2
mod 4, which means that this twisted Z2×Z2 topological orders can be enriched by this symmetry realization. For oddK , since
(2α1 + 1)
2/ gcd(K, gcd(2α1 + 1, 2α2)) is odd, then for odd k ∈ Z, (2α1 + 1)q, (2α1 + 1)
2q¯ are equivalent to 2K mod 4K ,
while for even k ∈ Z, (2α1 + 1)q, (2α1 + 1)
2q¯ are equivalent to 0 mod 4K . Note that though there may be different values of
odd k, they are all corresponding to the same new twisted terms and therefore different odd-k do not give different classification.
Now for oddK , we consider the original twisted terms in S′int. For the present choice of (β
1, β2) = (1, 0), only the following
five kinds of twisted terms may give the new twisted terms not involving the level-1 new gauge field. All other possible twisted
terms in S′int would not contribute any nontrivial result. As we see in the Table, all the quantization values of those coefficients
before the twisted terms in Table XXIV are quantized to be multiples of 2K , meaning that the quantization values of 4q233, 2q322
and 2q123 are multiples of 8K , 4K and 4K . However, the allowed quantized coefficients of those new twisted terms are 0, 2K
mod 4K, therefore, all the coefficients of the new twisted terms are equivalent to zero, which indicates the Z1 classification in
Table XXIV. These results hold for all other choices of Q3 and α1,2.
original twisted term new twisted term quantization of q˜ijk classification symmetry realization
q233a
2a3da3 4Q23q233a˜
2A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q322a
3a2da2 −2Q3q322A˜
1a˜2da˜2 + 4α2Q3q322A˜
1a˜2dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q123a
1a2da3 2Q3(2α1 + 1)q123A˜
1a˜2dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
TABLE XXIV. The twisted terms we consider in S′int and their quantization. We denote q˜ijk to be Q3 ∗ qijk or α2 ∗ qijk .
Therefore, for the trivial Z2 × Z2 topological orders, when K is even, the classification of symmetry enrichment is Z2 × Z2
while for odd K , the classification of symmetry enrichment is Z1. For twisted ones, when K is even, they cannot be enriched
while for odd-K , their classifications of symmetry enrichment are all Z1.
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(3)(β1, β2) = (0, 1). This is similar to the case of (1, 0).
(4)(β1, β2) = (1, 1). After diagonalizing the W matrix, the non-unit elements on the diagonal line are 2K and 2, which
indicates that the gauge group of the gauged theory is Z2K × Z2. After diagonalizing, the one form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−2α1 − 1 −α1 0 0 0 · · · 0
−2α2 − 1 −α2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜
−α1a˜
1 − (2α1 + 1)A˜
1
a˜2 − (2α2 + 1)A˜
1 − α2a˜
1
a˜3 − 2Q3A˜
1 −Q3a˜
1
a˜4 − 2Q4A˜
1 −Q4a˜
1
· · ·
a˜n − 2QnA˜
1 −Q4a˜
1


(F16)
where we have set Q1 = 2α1 + 1, Q2 = 2α2 + 1.
Similarly, for odd K , the twisted terms in S′int also do not contribute any nontrivial symmetry enrichment, as shown in
Table XXV.
original twisted term new twisted term quantization of qijk classification symmetry realization
q233a
2a3da3 4Q23q233a˜
2A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q322a
3a2da2 −2Q3q322A˜
1a˜2da˜2 + 2(2α2 + 1)Q3q322A˜
1a˜2dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q123a
1a2da3 2Q3(2α1 + 1)q123A˜
1a˜2dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
TABLE XXV. The twisted terms we consider in S′int and their quantization.
Now we consider the first term in Sint.
q
4pi2
a1a2da2=
q
4pi2
(−α1a˜
1 − (2α1 + 1)A˜)(a˜
2 − (2α2 + 1)A˜− α2a˜
1)d(a˜2 − (2α2 + 1)A˜− α2a˜
1) (F17)
=
q
4pi2
(−(2α1 + 1)A˜
1a˜2da˜2 + (2α2 + 1)(2α1 + 1)A˜
1a˜2dA˜1) + ... (F18)
q¯
4pi2
a2a1da1=
q¯
4pi2
(a˜2 − (2α2 + 1)A˜
1 − α2a˜
1)(−α1a˜
1 − (2α1 + 1)A˜
1)d(−α1a˜
1 − (2α1 + 1)A˜
1) (F19)
=
q¯
4pi2
(2α1 + 1)
2a˜2A˜1dA˜1 + ... (F20)
where ... denotes those involving the level-one twisted terms. The quantized coefficients of q, q¯ in presence of symmetry are
q, q¯ = k2K/ gcd(K, gcd(2α1 + 1, 2α2 + 1)) with integral k. Similar discussion to the case of (β
1, β2) = (1, 0), for even K ,
the twisted Z2 × Z2 topological orders cannot be enriched by this symmetry realization and the untwisted one are classified by
Z2 × Z2. For odd-K , all the Z2 × Z2 topological orders can be enriched and their classification for this symmetry realization is
Z1.
2. Z2 × Z2 symmetry
a. Symmetry fractionalization on gauge charge
Turning on the excitation currents and coupling to the external probe fields, we get
S′ =
2
2pi
∫ 2∑
i
bidai +
1
2pi
∫ m∑
i=3
bidai +
1
2pi
∫ 2∑
i=1
m∑
j=1
QijA
idbj +
∫ 2∑
i=1
ai ∗ ji +
m∑
i=3
ai ∗ ji... (F21)
where jµ1,2 are the gauge charge excitation currents which can be seen by the one form Z2 gauge field a1,2 and j
µ
i (i 6= 1, 2) are
the gauge charge excitation currents corresponding to those one form gauge field ai. Integrating out bj(j=1,2,...,m), we can get
that a1 = −Q112 A
1 − Q212 A
2, a2 = −Q122 A
1 − Q222 A
2 and aj = −
∑
iQijA
i(j = 3, ...m) which can be substituted back to the
action to get that
Seff = −
∫
(
Q11
2
A1 +
Q21
2
A2) ∗ j1 − (
Q12
2
A1 +
Q22
2
A2) ∗ j2 −
2∑
i=1
m∑
k=3
Qik
∫
Ai ∗ jk (F22)
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Therefore the gauge charge e1, e2 can carry integer or half integer symmetry charge of theZK1 symmetry depending on the parity
ofQ11 andQ12,Q21 andQ22 while other level-one gauge charge excitationwhich is in fact trivial topological excitation can only
carry integer symmetry charge. Similar to Appendix F 1 a, we can get that there are sixteen different symmetry fractionalization
on particles.
b. Gauging
For the presence case, theW in (12) takes
W =


2 0 0 0 0 · · · 0
0 2 0 0 0 · · · 0
Q11 Q12 2 0 0 · · · 0
Q21 Q22 0 2 0 · · · 0
Q31 Q32 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn1 Qn2 0 0 0 · · · 1


(F23)
We can always perform a basis transformation on the 1-form gauge field as


K1 0 0 0 0 · · · 0
0 K1 0 0 0 · · · 0
Q11 Q12 2 0 0 · · · 0
Q21 Q22 0 2 0 · · · 0
Q31 Q32 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn1 Qn2 0 0 0 · · · 1




1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
−Q31 −Q32 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn1 −Qn2 0 0 0 · · · 1


=


2 0 0 0 0 · · · 0
0 2 0 0 0 · · · 0
Q11 Q12 2 0 0 · · · 0
Q21 Q22 0 2 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


.
(F24)
From this, we can conclude that G∗gs depend only on the charge matrix
O =
(
Q11 Q12
Q21 Q22
)
mod 2
There are sixteen cases of O. However, we only need to discuss seven cases since others can be obtained by exchanging the two
symmetry subgroups and(or) two gauge subgroups.
(1) O =
(
0 0
0 0
)
For this case, G∗g = Z2 × Z2 × Z2 × Z2. The 1-form gauge fields can be expressed into the new gauge fields as


A1
A2
a1
a2
a3
· · ·
an


=


1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
−Q31 −Q32 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn1 −Qn2 0 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


A˜1
A˜2
a˜1
a˜2
−Q31A˜
1 −Q32A˜
2 + a˜3
· · ·
−Qn1A˜
1 −Qn2A˜
2 + a˜n


(F25)
First of all, we consider those twisted terms in S′int, as shown in Table XXVI. Then we consider the first two twisted terms in
Sint:
qa1a2da2= qa˜1a˜2da˜2 (F26)
q¯a2a1da1= q¯a˜2a˜1da˜1 (F27)
(F28)
Since q, q¯ = 0 mod 4, all the Z2×Z2 topological orders can be enriched and their classifications of symmetry enrichment are
all (Z2)
18.
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original twisted term new twisted term quantization of qijk classification symmetry realization
qi33a
ia3da3 qi33a˜iA˜
1dA˜1 2k k ∈ Z2 Q13 = Q24 = 1
q3iia
3aidai q3iiA˜
1a˜ida˜i 2k k ∈ Z2 Q13 = Q24 = 1
qi44a
ia4da4 qi44a˜iA˜
2dA˜2 2k k ∈ Z2 Q13 = Q24 = 1
q4iia
4aidai q4iiA˜
2a˜ida˜i 2k k ∈ Z2 Q13 = Q24 = 1
q244a
3a4da4 q344A˜
1A˜2dA˜2 2k k ∈ Z2 Q13 = Q24 = 1
q433a
4a3da3 q433A˜
2A˜1dA˜1 2k k ∈ Z2 Q13 = Q24 = 1
q123a
1a2da3 q123a˜
1a˜2dA˜1 2k k ∈ Z2 Q13 = Q24 = 1
q124a
1a2da4 q124a˜
1a˜2dA˜2 2k k ∈ Z2 Q13 = Q24 = 1
q132a
1a3da2 q132a˜
1A˜1da˜
2 2k k ∈ Z2 Q13 = Q24 = 1
q142a
1a4da2 q142a˜
1A˜2da˜
2 2k k ∈ Z2 Q13 = Q24 = 1
q134a
1a3da4 q134a˜
1A˜1dA˜
2 2k k ∈ Z2 Q13 = Q24 = 1
q143a
1a4da3 q143a˜
1A˜2dA˜
1 2k k ∈ Z2 Q13 = Q24 = 1
q234a
2a3da4 q234a˜
2A˜1dA˜
2 2k k ∈ Z2 Q13 = Q24 = 1
q243a
2a4da3 q243a˜
2A˜2dA˜
1 2k k ∈ Z2 Q13 = Q24 = 1
TABLE XXVI. The twisted terms we consider in S′int and their quantization. In the symmetry realization, except Q31 = Q42 = 1, all other
Qij = 0.
(2) O =
(
1 0
0 0
)
For this case, G∗g = Z4 × Z2 × Z2. The 1-form gauge fields can be expressed into the new gauge fields as


A1
A2
a1
a2
a3
· · ·
an


=


2 0 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
−2Q31 −Q32 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · ·
−2Qn1 −Qn2 −Qn1 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 + a˜1
A˜2
−A˜1
a˜2
−2Q31A˜
1 −Q32A˜
2 −Q31a˜
1 + a˜3
· · ·
−2Qn1A˜
1 −Qn2A˜
2 −Qn1a˜
1 + a˜n


(F29)
where A˜1, A˜2, a˜2 are level-4, level-2, level-2 gauge fields and other are level-1. First we discuss the twisted terms in S′int, as
shown in Table XXVII.
original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 −q133A˜
1A˜2dA˜2 4k k ∈ Z2 Q11, Q23 = 1
q311a
3a1da1 −q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q11, Q23 = 1
q233a
2a3da3 q233a˜
2A˜2dA˜2 2k k ∈ Z2 Q11, Q23 = 1
q322a
3a2da2 q322A˜
2a˜2da˜2 2k k ∈ Z2 Q11, Q23 = 1
q123a
1a2da3 q123A˜
1a˜2dA˜2 4k k ∈ Z2 Q11, Q23 = 1
q132a
1a3da2 q132A˜
1A˜2da˜2 4k k ∈ Z2 Q11, Q23 = 1
TABLE XXVII. The twisted terms in S′int and their quantizations for the case (2) of Z2 × Z2 symmetry. All these together contribute to the
classification factor (Z2)
6. All other Qij not mentioned in table are zero.
Now we discuss the first two terms in Sint.
qa1a2da2= −qA˜1a˜2da˜2 (F30)
q¯a2a1da1= −q¯a˜2A˜1dA˜1 (F31)
Since q, q¯ = 0mod 4, the twisted Z2×Z2 topological order cannot be enriched. However, the allowed coefficients of A˜
1a˜2da˜2
and a˜2A˜1dA˜1 are 0, 4 mod 8. Therefore, the four choices of q, q¯: (0, 0), (4, 0), (0, 4) and (4, 4), correspond to four different
GT∗ even though they correspond the untwisted Z2 × Z2 topological order. Therefore, under this present symmetry realization,
for the untwisted Z2 × Z2 topological order, the classification is (Z2)
8 while the twisted ones cannot be enriched.
(3)O =
(
1 1
0 0
)
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For this symmetry realization,G∗g = Z4 × Z2 × Z1 × Z2. After diagonalizingW , the 1-form gauge fields transform as


A1
A2
a1
a2
a3
· · ·
an


=


2 −1 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
0 0 0 1 0 · · · 0
−2Q31 Q31 −Q32 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn1 Qn1 −Qn2 −Qn1 0 1 · · · 0




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 − A˜2 + a˜1
A˜2
−A˜1
a˜2
−2Q31A˜
1 + (Q31 −Q32)A˜
2 −Q31a˜
1 + a˜3
· · ·
−2Qn1A˜
1 + (Qn1 −Qn2)A˜
2 −Qn1a˜
1 + a˜n


(F32)
where A˜1, A˜2, a˜2 are level-4, level-2, level-2 gauge fields respectively and others are level-1. First we discuss the twisted terms
in S′int.
original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 −q133A˜
1A˜2dA˜2 4k k ∈ Z2 Q11, Q21, Q23 = 1
q311a
3a1da1 −q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q11, Q21, Q23 = 1
q233a
2a3da3 q233a˜
2A˜2dA˜2 2k k ∈ Z2 Q11, Q21, Q23 = 1
q322a
3a2da2 q322A˜
2a˜2da˜2 2k k ∈ Z2 Q11, Q21, Q23 = 1
q123a
1a2da3 q123A˜
1a˜2dA˜2 4k k ∈ Z2 Q11, Q21, Q23 = 1
q132a
1a3da2 q132A˜
1A˜2da˜2 4k k ∈ Z2 Q11, Q21, Q23 = 1
TABLE XXVIII. The twisted terms we consider in S′int and their quantization for the case (3) of Z2 × Z2 symmetry. All these together
contribute to the classification factor Z62. All other Qij = 0.
In principle, there are two other new twisted terms: A˜1a˜2da˜2 and a˜2A˜1dA˜1, which can only be inherited from the the two
terms in Sint.
qa1a2da2 = −qA˜1a˜2da˜2 (F33)
q¯a2a1da1 = q¯a˜2A˜1dA˜1 (F34)
The coefficients q, q¯ = 0 mod 4, therefore all the twisted Z2 × Z2 topological orders cannot be enriched. However, the allowed
coefficients of A˜1a˜2da˜2 and a˜2A˜1dA˜1 are 0, 4 mod 8. Therefore, the four choices of q, q¯: (0, 0), (4, 0), (0, 4) and (4, 4),
correspond to four different GT∗ even though they correspond the untwisted Z2 × Z2 topological order.
Therefore, the classification for the untwisted Z2 × Z2 topological under such a symmetry realization is (Z2)
8 while the
twisted ones cannot be enriched.
(4)O =
(
1 0
1 0
)
For this case, G∗g = Z4 × Z2 × Z1 × Z2. After diagonalizing, the 1-form gauge fields transform as


A1
A2
a1
a2
a3
· · ·
an


=


2 0 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
−1 0 0 1 0 · · · 0
−2Q31 −Q32 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn1 −Qn2 −Qn1 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 + a˜1
A˜2
−A˜1
a˜2 − A˜1
−2Q31A˜
1 −Q32A˜
2 −Q31a˜
1 + a˜3
· · ·
−2Qn1A˜
1 −Qn2A˜
2 −Qn1a˜
1 + a˜n


(F35)
where A˜1, A˜2 and a˜2 are level-4, level-2, level-2 gauge fields respectively and others are level-1.
First we discuss the twisted terms in S′int, as shown in Table XXIX. In principle, there are two other new twisted terms:
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original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 −q133A˜
1A˜2dA˜2 4k k ∈ Z2 Q11, Q12, Q23 = 1
q311a
3a1da1 −q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q11, Q12, Q23 = 1
q2iia
2aidai q2iia˜
2A˜2dA˜2 4k k ∈ Z1 any
qi22a
ia2da2 qi22A˜
2a˜2da˜2 4k k ∈ Z1 any
q123a
1a2da3 q123A˜
1a˜2dA˜2 4k k ∈ Z2 Q11, Q12, Q23 = 1
q132a
1a3da2 q132A˜
1A˜2da˜2 4k k ∈ Z2 Q11, Q12, Q23 = 1
TABLEXXIX. The twisted terms we consider in S′int and their quantization for the case (4) of Z2×Z2 symmetry. All these together contribute
to the classification factor Z42. All otherQij = 0. In principle, we can have new twisted terms a˜
2A˜2dA˜2 and A˜2a˜2da˜2 from gauging the some
terms, in S′int, whose coefficient must be some multiple of 4, in S
′
int.
A˜1a˜2da˜2 and a˜2A˜1dA˜1, which can only be inherited from the the first two terms in Sint.
qa1a2da2 = −qA˜1a˜2da˜2 + qA˜1a˜2dA˜1 (F36)
q¯a2a1da1 = q¯a˜2A˜1dA˜1 (F37)
The coefficients q, q¯ = 0 mod 4, therefore all the twisted Z2 × Z2 topological orders cannot be enriched. However, the allowed
coefficients of A˜1a˜2da˜2 and a˜2A˜1dA˜1 are 0, 4 mod 8. Therefore, the four choices of q, q¯: (0, 0), (4, 0), (0, 4) and (4, 4),
correspond to four different GT∗ even though they correspond the untwisted Z2 × Z2 topological order.
Therefore, the classification for the untwisted Z2 × Z2 topological under such a symmetry realization is (Z2)
6 while the
twisted ones cannot be enriched.
(5)O =
(
1 0
0 1
)
For this case, G∗g = Z4 × Z4 × Z1 × Z1. After diagonalizing, the 1-form gauge fields transform as


A1
A2
a1
a2
a3
· · ·
an


=


2 0 1 0 0 · · · 0
0 2 0 1 0 · · · 0
−1 0 0 0 0 · · · 0
0 −1 0 0 0 · · · 0
−2Q31 −2Q32 −Q31 −Q32 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn1 −2Qn2 −Qn1 −Qn2 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 + a˜1
2A˜2 + a˜2
−A˜1
−A˜2
−2Q31A˜
1 − 2Q32A˜
2 −Q31a˜
1 −Q32a˜
2 + a˜3
· · ·
−2Qn1A˜
1 − 2Qn2A˜
2 −Qn1a˜
1 −Qn2a˜
2 + a˜n


(F38)
where A˜1 and A˜2 are both level-4 gauge fields while others are level-1. First we discuss the twisted terms in S′int. It is
original twisted term new twisted term quantization of qijk classification symmetry realization
q311a
3a1da1 −2q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q23 = 1
q123a
1a2da3 −2q123A˜
1A˜2dA˜2 4k k ∈ Z2 Q23 = 1
TABLE XXX. The twisted terms we consider in S′int and their quantization for the case (5) of Z2×Z2 symmetry. All these together contribute
to the classification factor (Z2)
2. Other terms in S′int would not give SET beyond this one. All other Qij = 0.
worthwhile to note that note matter what choices ofQij , we cannot realize the phases with q˜122A˜
1A˜2dA˜2 or(and) q˜211A˜
2A˜1dA˜1
with q˜122 = 4, 12 or q˜211 = 4, 12 via those original twisted terms in S
′
int.
Now we consider the two terms in Sint:
qa1a2da2 = −qA˜1A˜2dA˜2 (F39)
q¯a2a1da1 = −q¯A˜2A˜1dA˜1 (F40)
The coefficients q, q¯ = 0 mod 4, therefore all the twisted Z2 × Z2 topological orders cannot be enriched. However, the allowed
coefficients of A˜1A˜2dA˜2 and A˜2A˜1dA˜1 are 0, 4, 8, 12 mod 16. Therefore, the sixteen choices of q, q¯ correspond to sixteen
different GT∗s even though they correspond the untwisted Z2 × Z2 topological order.
Therefore, here the classification for untwistedZ2×Z2 topological order is Z4×Z4 while the twisted ones cannot be enriched.
(6)O =
(
1 0
1 1
)
Here G∗g = Z4 × Z4 × Z1 × Z1.
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

A1
A2
a1
a2
a3
· · ·
an


=


2 0 1 0 0 · · · 0
0 2 0 1 0 · · · 0
−1 0 0 0 0 · · · 0
−1 −1 0 0 0 · · · 0
−2Q31 −2Q32 −Q31 −Q32 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn1 −2Qn2 −Qn1 −Qn2 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 + a˜1
2A˜2 + a˜2
−A˜1
−A˜1 − A˜2
−2Q31A˜
1 − 2Q32A˜
2 −Q31a˜
1 −Q32a˜
2 + a˜3
· · ·
−2Qn1A˜
1 − 2Qn2A˜
2 −Qn1a˜
1 −Qn2a˜
2 + a˜n


(F41)
where A˜1 and A˜2 are both level-4 gauge fields and others are level-1. First we discuss the twisted terms in S′int.
original twisted term new twisted term quantization of qijk classification symmetry realization
q311a
3a1da1 −2q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q23 = 1
q123a
1a2da3 −2q123A˜
1A˜2dA˜2 4k k ∈ Z2 Q23 = 1
TABLEXXXI. The twisted terms we consider in S′int and their quantization for the case (6) of Z2×Z2 symmetry. All these together contribute
to the classification factor Z22. Other terms in S
′
int would not give SET beyond this one.
It is worthwhile to note that note matter what choices of Qij , we cannot realize the phases with q˜122A˜
1A˜2dA˜2 or(and)
q˜211A˜
2A˜1dA˜1 with q˜122 = 4, 12 or q˜211 = 4, 12 via those original terms in S
′
int.
Now we consider the first two terms in Sint:
qa1a2da2 = −qA˜1A˜2dA˜1 − qA˜1A˜2dA˜2 (F42)
q¯a2a1da1 = −q¯A˜2A˜1dA˜1 (F43)
The coefficients q, q¯ = 0 mod 4, therefore all the twisted Z2 × Z2 topological orders cannot be enriched. However, the allowed
coefficients of A˜1A˜2dA˜2 and A˜2A˜1dA˜1 are 0, 4, 8, 12 mod 16. Therefore, the sixteen choices of q, q¯ correspond to sixteen
different GT∗s even though they correspond the untwisted Z2 × Z2 topological order.
Therefore, here the classification for untwistedZ2×Z2 topological order is Z4×Z4 while the twisted ones cannot be enriched.
(7)O =
(
1 1
1 1
)
Here G∗g = Z4 × Z2 × Z1 × Z2. After diagonalization, the 1-form gauge fields transform as


A1
A2
a1
a2
a3
· · ·
an


=


2 −1 1 0 0 · · · 0
0 1 0 0 0 · · · 0
−1 0 0 0 0 · · · 0
−1 0 1 1 0 · · · 0
−2Q31 Q31 −Q32 −Q31 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn1 Qn1 −Qn2 −Qn1 0 0 · · · 1




A˜1
A˜2
a˜1
a˜2
a˜3
· · ·
a˜n


=


2A˜1 − A˜2 + a˜1
A˜2
−A˜1
−A˜1 + a˜1 + a˜2
−2Q31A˜
1 + (Q31 −Q32)A˜
2 −Q31a˜
1 + a˜3
· · ·
−2Qn1A˜
1 + (Qn1 −Qn2)A˜
2 −Qn1a˜
1 + a˜n


(F44)
where A˜1, A˜2 and a˜2 are level-4, level-2, level-2 gauge fields and others are level-1. First we discuss the twisted terms in S′int,
as shown in Table XXXII
original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 −q133A˜
1A˜2dA˜2 4k k ∈ Z2 Q23 = 1
q311a
3a1da1 −q311A˜
2A˜1dA˜1 4k k ∈ Z2 Q23 = 1
q233a
2a3da3 q233a˜
2A˜2dA˜2 4k k ∈ Z1 any
q322a
3a2da2 q322A˜
2a˜2da˜2 4k k ∈ Z1 any
q123a
1a2da3 q123A˜
1a˜2dA˜2 4k k ∈ Z2 Q23 = 1
q132a
1a3da2 q132A˜
1A˜2da˜2 4k k ∈ Z2 Q23 = 1
TABLE XXXII. The twisted terms we consider in S′int and their quantization for the case (7) of Z2 × Z2 symmetry. All these together
contribute to the classification factor (Z2)
4. All other Qij = 0.
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Now we consider the first two terms in Sint:
qa1a2da2 = qA˜1a˜2dA˜1 − qA˜1a˜2da˜2 (F45)
q¯a2a1da1 = q¯a˜2A˜1dA˜1 (F46)
The coefficients q, q¯ = 0 mod 4, therefore all the twisted Z2 × Z2 topological orders cannot be enriched.
However, the allowed coefficients of A˜1a˜2da˜2 and a˜2A˜1dA˜1 are 0, 4 mod 8. Therefore, the four choices of q, q¯: (0, 0), (4, 0),
(0, 4) and (4, 4), correspond to four different GT∗ even though they correspond the untwisted Z2 × Z2 topological order.
Therefore, the classification for the untwisted Z2 × Z2 topological under such a symmetry realization is (Z2)
6 while the
twisted ones cannot be enriched.
Appendix G: Z2 × Z4 topological order enriched by ZK symmetry
1. Symmetry fractionalization on gauge charge
Turning on the excitation currents and coupling to the external probe field, we get
S′ =
1
2pi
∫ 2∑
i
Nib
idai +
1
2pi
∫ m∑
i=3
bidai +
1
2pi
∫ m∑
j=1
Q1jA
1dbj +
∫ 2∑
i=1
ai ∗ ji +
m∑
i=3
ai ∗ ji... (G1)
whereN1 = 2, N2 = 4. j
µ
1,2 are the gauge charge excitation currents which can be seen by the one form Z2 gauge field a1,2 and
jµi (i 6= 1, 2) are the gauge charge excitation currents corresponding to those one form gauge field a
i. Integrate out bj(j=1,2,...,m),
we can get that a1 = −Q112 A
1, a2 = −Q124 A
1 and aj = −Q1jA
1(j = 3, ...m) which can be substituted back to the action to
get that
Seff = −
∫
Q11
2
A1 ∗ j1 −
Q12
4
A1 ∗ j2 −
m∑
k=3
Q1k
∫
A1 ∗ jk (G2)
Therefore the particles e1, e2 with unit gauge charge of the two gauge groups respectively can carry different symmetry charge of
the ZK symmetry depending on Q11 and Q12 while other level-one gauge charge excitations which is in fact trivial topological
excitation can only carry integer symmetry charge. More explicitly, e1, e2 can carry (0, 0), (1/2, 0), (0, 1/4), (1/2, 1/4), (0, 1/2),
(1/2, 1/2), (0, -1/4), (1/2, -1/4) mod 1 symmetry charge of ZK symmetry, which indicate the fusion rules of symmetry flux Ωg
andΩh with gh = 1 as (1)Ωg×Ωh ∼ 1, (2)Ωg×Ωh ∼ m1, (3)Ωg×Ωh ∼ m[1]2 , (4)Ωg×Ωh ∼ m1m[1]2 , (5)Ωg×Ωh ∼ m[2]2 ,
(6) Ωg × Ωh ∼ m1m[2]2 , (7)Ωg × Ωh ∼ m[3]2 , (8)Ωg × Ωh ∼ m1m[3]2 . Note that we denote the nontrivial gauge flux loops
of the Z2 gauge groups as m1 and the four of Z4 gauge subgroup as 1, m[1]2 , m[2]2 , m[3]2 respectively. From such fusion
rules, we can get that the G∗g would be (1) ZN1 × ZN2 × ZK , (2) ZN1K × ZN2 , (3) ZN1 × ZN2K (4) ZN1N2K/N12 × ZN12 , (5)
ZN1 × ZN2K/2 × Z2 or ZN2K × ZN1 , (6) ZKN1N2/ gcd(2N1,N2) × Zgcd(2N1,N2), (7) ZKN2 × ZN1 , (8) ZN1N2K/N12 × ZN12 ,
where we denote the two gauge groups Z2 and Z4 to be ZN1 and ZN2 respectively. Note that in (5), if K is even, G
∗
g takes
ZN1 × ZN2K/2 × Z2, otherwise, G
∗
g takes ZN2K × ZN1 .
Now we discuss the equivalence classes of symmetry fractionalization on particles. We use the differentG∗g to denote different
equivalence classes of symmetry fractionalization. If K is odd, then all the G∗gs are isomorphic, therefore, there is only one
symmetry fractionalization. If K = 4n, there are six G∗gs that are not isomorphic, therefore there are six patterns of symmetry
fractionalization on particles.
2. Gauging
For the presence case, theW in (12) takes
W =


K 0 0 0 0 · · · 0
Q1 2 0 0 0 · · · 0
Q2 0 4 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


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If we set Q1 = 2α1 + β
1 andQ2 = 4α2 + β
2, then we can first perform the following transformation :
W1 =


K 0 0 0 0 · · · 0
2α1 + β
1 2 0 0 0 · · · 0
4α2 + β
2 0 4 0 0 · · · 0
Q3 0 0 1 0 · · · 0
Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
Qn 0 0 0 0 · · · 1


V1 =


K 0 0 0 0 · · · 0
β1 2 0 0 0 · · · 0
β2 0 4 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 1


(G3)
where
V1 =


1 0 0 0 0 · · · 0
−α1 1 0 0 0 · · · 0
−α2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1


. (G4)
Therefore,G∗g is only depends on the charge matrix(vector) (β
1, β2). Therefore, there are eight different choices: (0,0), (1,0),
(0,1), (1,1), (0,2), (1,2), (0,-1), (1,-1). Since the last two ones can be obtained by charge conjugation transformation on the b2
and a2 fields of (0,1) and (1,-1), we only need to consider the first six terms.
(1) (β1, β2)=(0, 0) For this case, G
∗
g = ZK × Z2 × Z4. After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


1 0 0 0 0 · · · 0
−α1 1 0 0 0 · · · 0
−α2 0 1 0 0 · · · 0
−Q3 0 0 1 0 · · · 0
−Q4 0 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−Qn 0 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
a˜1 − α1A˜
1
a˜2 − α2A˜
1
a˜3 −Q3A˜
1
a˜4 −Q4A˜
1
· · ·
a˜n −QnA˜
1


(G5)
First we consider the twisted terms in S′int, as shown in Table XXXIII.
original twisted term new twisted term quantization of qijk classification symmetry realization
q133a
1a3da3 q133a˜
1A˜1dA˜1 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q311a
3a1da1 q311A˜
1a˜1da˜1 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q233a
2a3da3 q233a˜
2A˜1dA˜1 k 4K
gcd(4,K)
k ∈ Zgcd(4,K) Q3 = 1, α1,2 ∈ Z
q322a
3a2da2 q322A˜
1a˜2da˜2 k 4K
gcd(4,K)
k ∈ Zgcd(4,K) Q3 = 1, α1,2 ∈ Z
q123a
1a2da3 q123a˜
1a˜2dA˜1 2k k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
q132a
1a3da2 q132a˜
1A˜1da˜2 k 2K
gcd(2,K)
k ∈ Zgcd(2,K) Q3 = 1, α1,2 ∈ Z
TABLE XXXIII. The twisted terms we consider in S′int and their quantization.
Now we consider anther two new twisted terms: a˜1a˜2da˜2 and a˜2a˜1da˜1. It is easy to see we cannot get such gauged terms
from S′int. They can only come from the terms in Sint of F1:
q
4pi2
a1a2da2=
q
4pi2
(a˜1 − α1A˜
1)(a˜2 − α2A˜
1)d(a˜2 − α2A˜
1)
=
q
4pi2
a˜1a˜2da˜2 + ... (G6)
q¯
4pi2
a2a1da1=
q¯
4pi2
(a˜2 − α2A˜
1)(a˜1 − α1A˜
1)d(a˜1 − α1A˜
1)
=
q¯
4pi2
a˜2a˜1da˜1 + ... (G7)
where ... denotes those twisted terms listed in Table XXXIII which can be ignored in our discussion now. Note that the quanti-
zation now depends on the choice of α1,2. In the presence of symmetry,
q, q¯ = k
4K/ gcd(K, gcd(α1, α2))
gcd(4,K/ gcd(K, gcd(α1, α2)))
.
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It is easy to check that q must be some multiple of 4 no matter the values of K, k and αi. If K is odd, then q, q¯=0,4 mod 8,
therefore all the Z2 × Z4 topological order can be enriched, and the classifications are all Z1. If K = 4n and set α1 = α2 = n,
then q, q¯=0, 4 mod 8, therefore all the Z2 × Z4 topological order can be enriched, and the classifications are all (Z2)
4 × (Z4)
2.
(2) (β1, β2)=(1, 0) For this case, G
∗
g = Z2K × Z4. After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−Q1 −α1 0 0 0 · · · 0
−2α2 −α2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


A˜1
−α1a˜
1 −Q1A˜
1
a˜2 − 2α2A˜
1 − α2a˜
1
a˜3 − 2Q3A˜
1 −Q3a˜
1
a˜4 − 2Q4A˜
1 −Q4a˜
1
· · ·
a˜n − 2QnA˜
1 −Qna˜
1


(G8)
where A˜1 and a˜2 are level-2K , level-4 gauge fields while others are level-1.
First we consider the terms in Sint.
q
4pi2
a1a2da2=
q
4pi2
(−α1a˜
1 − (2α1 + 1)A˜
1)(a˜2 − 2α2A˜
1 − α2a˜
1)d(a˜2 − 2α2A˜
1 − α2a˜
1) (G9)
=
q
4pi2
(−(2α1 + 1)A˜
1a˜2da˜2 + 2α2(2α1 + 1)A˜
1a˜2dA˜1) + ... (G10)
q¯
4pi2
a2a1da1=
q¯
4pi2
(a˜2 − 2α2A˜
1 − α2a˜
1)(−α1a˜
1 − (2α1 + 1)A˜
1)d(−α1a˜
1 − (2α1 + 1)A˜
1) (G11)
=
q¯
4pi2
(2α1 + 1)
2a˜2A˜1dA˜1 + ... (G12)
where ... denotes those involving the level-one twisted terms. If K = 4n, then q, q¯ = k ∗ 2K/ gcd(2K, gcd(2α2, 2α1 + 1))
with k being integer, therefore q, q¯=0 mod 8. Therefore only untwisted Z2 × Z4 topological order can be enriched. If we set
α1 = α2 = 0, then q, q¯=0, 2K, 4K, 6K mod 8K , therefore the classification of the untwisted Z2 × Z4 topological order is
Z4 × Z4. Those twisted Z2 × Z4 topological order cannot be enriched.
If K is odd, then q, q¯ = k ∗ 4K/ gcd(2K, gcd(2α2, 2α1 + 1)) with k being integer, therefore q, q¯=0,4 mod 8. Therefore, all
the Z2 × Z4 topological orders can be enriched.
Now for odd K , we consider the twisted terms in S′int, as shown in Table XXXVI, which do not contribute to any nontriv-
ial symmetry enrichment. Therefore, for odd K , the symmetry enrichment in this symmetry realization for all the Z2 × Z4
topological order is classified by Z1.
original twisted term new twisted term quantization of q˜ijk classification symmetry realization
q233a
2a3da3 4Q23q233a˜
2A˜1dA˜1 4K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q322a
3a2da2 −2Q3q322A˜
1a˜2da˜2 + 4α2Q3q322A˜
1a˜2dA˜1 4K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q123a
1a2da3 2Q3(2α1 + 1)q123A˜
1a˜2dA˜1 4K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
TABLE XXXIV. The twisted terms we consider in S′int and their quantization. We denote q˜ijk to be Q3 ∗ qijk or α2 ∗ qijk .
(3) (β1, β2)=(0, 1) For this case, G
∗
g = Z2 × Z4K . After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


4 0 1 0 0 · · · 0
−4α1 1 −α1 0 0 · · · 0
−4α2 − 1 0 −α2 0 0 · · · 0
−4Q3 0 −Q3 1 0 · · · 0
−4Q4 0 −Q4 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn 0 −Qn 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


4A˜1 + a˜2
a˜1 − 4α1A˜
1 − α1a˜
2
−(4α2 + 1)A˜
1 − α2a˜
2
a˜3 − 4Q3A˜
1 −Q3a˜
2
a˜4 − 4Q4A˜
1 −Q4a˜
2
· · ·
a˜n − 4QnA˜
1 −Qna˜
2


(G13)
where A˜1 and a˜1 are level-4K, level-2 gauge fields while others are level-1.
First we consider the terms in Sint.
60
q
4pi2
a1a2da2=
q
4pi2
(−α1a˜
2 − 4α1A˜
1 + a˜1)(−(4α2 + 1)A˜
1 − α2a˜
2)d(−(4α2 + 1)A˜
1 − α2a˜
2) (G14)
=
q
4pi2
((4α2 + 1)
2a˜1A˜1dA˜1 + ... (G15)
q¯
4pi2
a2a1da1=
q¯
4pi2
(−(4α2 + 1)A˜
1 − α2a˜
2)(−α1a˜
2 − 4α1A˜
1 + a˜1)d(−α1a˜
2 − 4α1A˜
1 + a˜1) (G16)
= −
q¯
4pi2
(4α2 + 1)A˜
1a˜1da˜1 +
q¯
4pi2
4α1(4α2 + 1)A˜
1a˜1dA˜1 + ... (G17)
where ... denotes those involving the level-one twisted terms. Here q, q¯ = k ∗ 4K/ gcd(4K, gcd(4α1, 4α2 + 1)) with k being
integer. If K = 4n therefore q, q¯=0 mod 8. Therefore only untwisted Z2 × Z4 topological order can be enriched. If we set
α1 = α2 = 0, then q, q¯=0, 4K mod 8K , therefore the classification of the untwisted Z2 × Z4 topological order is Z2 × Z2.
Those twisted Z2 × Z4 topological order cannot be enriched.
IfK is odd, then q, q¯=0,4 mod 8. Therefore, all the Z2×Z4 topological orders can be enriched. Now for oddK , we consider
the twisted terms in S′int, as shown in Table XXXVI, which do not contribute to any nontrivial symmetry enrichment. Therefore,
for oddK , the symmetry enrichment in this symmetry realization for all the Z2 × Z4 topological order is classified by Z1.
original twisted term new twisted term quantization of q˜ijk classification symmetry realization
q133a
1a3da3 16Q23q133a˜
1A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q311a
3a1da1 −4Q3q311A˜
1a˜1da˜1 + 16α1Q3q311A˜
1a˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q123a
1a2da3 4Q3(4α2 + 1)q123a˜
1A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
TABLE XXXV. The twisted terms we consider in S′int and their quantization. We denote q˜ijk to be Q3 ∗ qijk or α2 ∗ qijk .
(4) (β1, β2)=(1, 1) For this case, G
∗
g = Z2 × Z4K . After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


4 0 1 0 0 · · · 0
−4α1 − 2 1 −α1 0 0 · · · 0
−4α2 − 1 0 −α2 0 0 · · · 0
−4Q3 0 −Q3 1 0 · · · 0
−4Q4 0 −Q4 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−4Qn 0 −Qn 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


4A˜1 + a˜2
a˜1 − (4α1 + 2)A˜
1 − α1a˜
2
−(4α2 + 1)A˜
1 − α2a˜
2
a˜3 − 4Q3A˜
1 −Q3a˜
2
a˜4 − 4Q4A˜
1 −Q4a˜
2
· · ·
a˜n − 4QnA˜
1 −Qna˜
2


(G18)
where A˜1 and a˜1 are level-4K, level-2 gauge fields while others are level-1.
First we consider the terms in Sint.
q
4pi2
a1a2da2=
q
4pi2
(−α1a˜
2 − (4α1 + 2)A˜
1 + a˜1)(−(4α2 + 1)A˜
1 − α2a˜
2)d(−(4α2 + 1)A˜
1 − α2a˜
2) (G19)
=
q
4pi2
((4α2 + 1)
2a˜1A˜1dA˜1 + ... (G20)
q¯
4pi2
a2a1da1=
q¯
4pi2
(−(4α2 + 1)A˜
1 − α2a˜
2)(−α1a˜
2 − (4α1 + 2)A˜
1 + a˜1)d(−α1a˜
2 − (4α1 + 2)A˜
1 + a˜1) (G21)
= −
q¯
4pi2
(4α2 + 1)A˜
1a˜1da˜1 +
q¯
4pi2
(4α1 + 2)(4α2 + 1)A˜
1a˜1dA˜1 + ... (G22)
where ... denotes those involving the level-one twisted terms. Here q, q¯ = k ∗ 4K/ gcd(4K, gcd(4α1 + 2, 4α2 + 1)) with k
being integer. If K = 4n therefore q, q¯=0 mod 8. Therefore only untwisted Z2 × Z4 topological order can be enriched. If we
set α1 = α2 = 0, then q, q¯=0, 4K mod 8K , therefore the classification of the untwisted Z2 × Z4 topological order is Z2 × Z2.
Those twisted Z2 × Z4 topological order cannot be enriched.
IfK is odd, then q, q¯=0,4 mod 8. Therefore, all the Z2×Z4 topological orders can be enriched. Now for oddK , we consider
the twisted terms in S′int, as shown in Table XXXVI, which do not contribute to any nontrivial symmetry enrichment. Therefore,
for oddK , the symmetry enrichment in this symmetry realization for all the Z2 × Z4 topological order is classified by Z1.
(5)(β1, β2)=(0, 2) For this case, ifK is even,G
∗
g = Z2K ×Z2×Z2, otherwiseG
∗
g = Z4K ×Z2. We first discuss the evenK .
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original twisted term new twisted term quantization of q˜ijk classification symmetry realization
q133a
1a3da3 16Q23q133a˜
1A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q311a
3a1da1 −4Q3q311A˜
1a˜1da˜1 + 4(4α1 + 2)Q3q311A˜
1a˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
q123a
1a2da3 4Q3(4α2 + 1)q123a˜
1A˜1dA˜1 2K ∗ k k ∈ Z1 Q3 ∈ Z, α1,2 ∈ Z
TABLE XXXVI. The twisted terms we consider in S′int and their quantization. We denote q˜ijk to be Q3 ∗ qijk or α2 ∗ qijk .
After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 0 1 0 0 · · · 0
−2α1 1 −α1 0 0 · · · 0
−2α2 − 1 0 −α2 0 0 · · · 0
−2Q3 0 −Q3 1 0 · · · 0
−2Q4 0 −Q4 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn 0 −Qn 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜2
a˜1 − 2α1A˜
1 − α1a˜
2
−(2α2 + 1)A˜
1 − α2a˜
2
a˜3 − 2Q3A˜
1 −Q3a˜
2
a˜4 − 2Q4A˜
1 −Q4a˜
2
· · ·
a˜n − 2QnA˜
1 −Qna˜
2


(G23)
where A˜1, a˜1 and a˜2 are level-4K, level-2, level-2 gauge fields while others are level-1.
First we consider the terms in Sint. Since q, q¯=k2K/gcd(2K, gcd(2α1, 2α2 + 1)) and K = 4n, therefore q, q¯ = 0 mod 8.
Therefore only the untwisted Z2 × Z4 topological order can be enriched.
In principle, there are eight kinds of new twisted that we need to consider: a˜1a˜2da˜2, a˜2a˜1da˜1, a˜1A˜1dA˜1, A˜1a˜1da˜1, A˜1a˜2da˜2,
a˜2A˜1dA˜1, A˜1a˜1da˜2 and A˜1a˜2da˜1.
We can show that the first two terms are always trivial in GT∗. By setting α1 = α2 = 0 and Q3 = 1, we can show that the
last six terms contribute to a classification (Z2)
6.
Now we consider the oddK case. Now G∗g = Z4K × Z2. After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 + 2K 0 1 0 0 · · · 0
−2α1 − 2α1K 1 −α1 0 0 · · · 0
−2α2 − 1− 2α1K 0 −α2 0 0 · · · 0
−2Q3 − 2Q3K 0 −Q3 1 0 · · · 0
−2Q4 − 2Q4K 0 −Q4 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn − 2QnK 0 −Qn 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


(2 + 2K)A˜1 + a˜2
a˜1 − 2α1(1 +K)A˜
1 − α1a˜
2
−(2α2 + 1 + 2α1K)A˜
1 − α2a˜
2
a˜3 − (2Q3 + 2Q3K)A˜
1 −Q3a˜
2
a˜4 − (2Q4 + 2Q4K)A˜
1 −Q4a˜
2
· · ·
a˜n − (2Qn + 2QnK)A˜
1 −Qna˜
2


(G24)
where A˜1, a˜1 are level-4K, level-2 gauge fields while others are level-1. We only need to consider two kinds of new twisted
gauge terms: A˜1a˜1da˜1, a˜1A˜1dA˜1, whose allowed quantization values are both 0, 4K mod 8K. If we set α1 = α2 = 0, then
q, q¯ in Sint are quantized as multiple of 4K . Since K is odd, then all the Z2 × Z4 topological order can be enriched and their
classifications are all Z1.
(6)(β1, β2)=(1, 2) For this case, G
∗
g = Z2K × Z4. After gauging, the 1-form gauge fields transform as


A1
a1
a2
a3
a4
· · ·
an


=


2 1 0 0 0 · · · 0
−2α1 − 1 −α1 0 0 0 · · · 0
−2α2 − 1 −α2 1 0 0 · · · 0
−2Q3 −Q3 0 1 0 · · · 0
−2Q4 −Q4 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
−2Qn −Qn 0 0 0 · · · 1




A˜1
a˜1
a˜2
a˜3
a˜4
· · ·
a˜n


=


2A˜1 + a˜1
−(2α1 + 1)A˜
1 − α1a˜
1
−(2α2 + 1)A˜
1 − α2a˜
1 + a˜2
a˜3 − 2Q3A˜
1 −Q3a˜
1
a˜4 − 2Q4A˜
1 −Q4a˜
1
· · ·
a˜n − 2QnA˜
1 −Qna˜
1


(G25)
where A˜1 and a˜2 are level-2K , level-4 gauge fields while others are level-1.
First we consider the terms in Sint. If K = 4n, q, q¯=k2K/gcd(K, gcd(2α1 + 1, 2α2 + 1)), therefore q, q¯ = 0 mod 8.
Therefore only the untwisted Z2 × Z4 topological order can be enriched. By setting α1 = α2 = 0, we can show that the
classification is (Z4)
2.
If K is odd, then q, q¯=k4K/gcd(K, gcd(2α1 + 1, 2α2 + 1)). Since K is odd, q, q¯=0,4 mod 8. Therefore, all the Z2 × Z4
topological orders can be enriched. And further it turns out that the classifications of enrichment for these four topological orders
are all Z1.
